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M.A./M.Sc. (Mathematics) (2005 Pattern) Examination, 2010
MT 706 : NUMERICAL ANALYSIS (Old)

Time: 3Hours Max. Marks: 80

N.B.: i) Attempt any five questions.
ii) Figures to the right indicate full marks.
iii) Use of non-programmable scientific calculators is allowed.

1. a8 Determine the order of approximation for the sum and product of the
expansions,

h h? hd 4
e =1+h+—+—+o0(h™) and
2! 3

cosh=1-h"/ + nt +0(h®

b) Investigate the nature of theiteration p,,,.1 = g(p,,) for thefunction

2

X
X)=14+X——. 8

g(x) 2

w®

2. @ Perform four iterations of bisection method to solvex sinx =1 on [0, 2].

b) Suppose Newton-Raphson iteration produces a sequence {pn}:zo that

converges to the multiple root P of order M of f(x). Then prove that the
convergenceislinear. 8

3. @ Forthelinear system
x2—y—-02=0
y2—x—-0.3=0,

start with (pg, dg) = (1.2, 1.2) and use Newton’'s method to compute (py, 0)

P.T.O.
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b) Findthetriangular factorizationA = LU for the matrix. 8

1 1 0 4]
2-150

5 2 12

-3 0 26

4. @ Solvethefollowing system by Gauss-Seidel method.

X -y+z=7
I -8y +z=-21 start with (1, 2, 2) and perform two iterations. 8
—2X+y+5z2=15

b) Prove that the Jacobi iterations converge to the solution of the linear system
Ax = b starting with any initial vector x(©© provided that thematrix A isstrictly
diagonally dominant. 8

5. @ Letf(x)= 8% « - Use cubic Lagrange interpolation based on the nodes

x=0,1, 2, 3, to approximate f(7.5). Compare with true value. 8

b) Construct a divided difference table for f(x) = cos x based on the five nodes
x=0,1, 2,3, 4. Hencefind P,(1.5). 8

6. @ UseTaylor expansions and derive the central-difference formula:
f'(x)=(f (x+h)—f (x=h))/12h. 8
b) Usethenumerical differentiationformula

f’(Xo) = [—f2 +16f1 — 30f0 + 16f_1 — f_2] /12 h21 andh=0.1to appl'OXi mate
f”(1) for the function f(x) = x6. Compare with true val ue. 8
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7. @ DeriveTrapezoidal rulefor numerical integration and hencefind the value of

dx. 8

o1
T byevaluatingj

01+x2

b) Determine the degree of precision of the Simpson’s % rule. 8

8. @ Use Runge-Kutta method RK4 and compute the numerical solution of the
system

dx
—=X+2y x(0)=6

dt

. with <
Y_ 3X + 2y y(0) = 4,
dt g

att=0.02. o

b) For any fixed 6, show that

cosO sinob
R =

_ Isan orthogonal matrix. 4
—sSin® cosoO

c) Construct Householder matrix P for w = [0, 0, 1] 7. 4

B/1/10/190
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M.A./M.Sc. Examination, 2010
MATHEMATICS
MT 807 : Combinatorics (Old)
(2005 Pattern)

Time: 3Hours Max. Marks: 80

N.B.: 1) Attempt any five questions.
2) Figures to the right indicate full marks.

1. A) What isthe number of ways that afive card hand has :
I) each of the four valuesAce, King, Queen and Jack ?

i) the same number of hearts and spades ?

B) How many arrangementsof 5o s, 53" s and 5y’ s aretherewith atleast one 3
and atleast one y between each successive pair of ¢'s ?

C) Provethefollowing binomial identity using combinatorial argument

(n) (n+1) (n+r—1) (n+r) (n+r+1)

+ o + =

0 1 r-1 r r '

2. A) If there are n-objects with r, of type 1, r, of type 2, ..., r,, of type m, where

ry+r,+..+r 4 +r_=n,thenthe number of arrangements of these n objects
denoted by P (n; ry, 1y, ... I'y). Prove by mathematical induction that

n n-n n—-rn-—-1"rnn nN—Ip...... fm=1 n!
P(n;n, 1o, . fm) = : : =
rl r2 r3 rm rl. r2. es rm.

B) How many integer solutionsaretheretotheequationx; +X,+X5+X, =12, with
X; >0 ?How many solutions with x; > 1 ? How many solutions with x; > 2,
Xo22,X324,X, 207

C) Find the number of waysto get 25 rupeesfrom 10 distinct people, if a person
can give either 3 rupees, 8 rupees or none, using generating function.

=

6

4

P.T.O.
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3. A) Explainwhy (1 + x +x2 + x3 + x®" isnot a proper generating function for the
number of waysto distributer-jelly beans among r-children with no child
getting morethan four jelly beans. 6

B) Show with generating functionsthat every positiveinteger can be written as
aunigue sum of distinct powers of 2. 6

C) Show that the number of partitions of an integer r as a sum of m positive
integersisequal to the number of partitions of r, asasum of positive integers,
thelargest of whichism. 4

4. A) Using exponential generating function find how many r-digit quaternary
sequences are there in which the total number of O'sand 1'siseven ? 6

B) Build agenerating function using summation method fora. = (r+ )r(r—-1). 6

C) Find the number of 7-bead necklacesdistinct under rotations using three black
and four white beads. 4

5. A) State and prove Burnside's Theorem. 8

B) Suppose we draw n-straight lines on a piece of paper so that every pair of
linesintersect (but no threelinesintersect at acommon point). Userecurrence
relation and find into how many regions do these n lines divide the plane. 8

6. A) State and prove the Inclusion-Exclusion Formula. 6

B) How many different 3-colorings of the bands of an n band baton are there if
baton is unoriented ? 6

C) Solvethefollowing recurrencerelation

a,=g,1+3(n-1),5=1 4
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7. A) Using Inclusion-Exclusion theorem, find the number of ndigit ternary
sequences with atleast one 0, atleast one 1 and atleast one 2. 6

B) How many ways are there to color the four verticesin the graph shown below
with n colors such that vertices with acommon edge must be different colors? 6

C) Find therook polynomial for thefollowing figure. 4

N

v
7

8. A) Find the pattern inventory of black-white edge colorings of atetrahedron. 6

B) How many arrangementsof thelettersa, g,1,0, u, X, X, X, X, X, X, X, X (8 x"s) are
there if no two vowels can be consecutive ? 6

C) Find the number of different r-arrangements of objects chosen from unlimited
supplies on n types of objects, using exponential generating function. 4

B/1/10/190
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M.A./M.Sc. (Semester — I) Examination, 2010
MATHEMATICS (2008 Pattern)
MT : 501 : Real Analysis — I

Time: 3Hours Max. Marks: 80

N.B. : 1) Attempt any five questions.
2) All questions carry equal marks.

1. @ State and prove Cauchy-Schwarz's inequality.
b) Show that the set of rational numbersis countable.

c) SupposeA isany set and P(A) isits power set. Isany map F: A — P(A)onto ?
Justify. 5

=y -
2. @ Show that d(x,y) =——— definesametric on (0, o). 6
1+|x -y

b) Give an example of asequence {f }._, of non-negative measurable functions

onA, whereA € M and f :Ilim inf f, onA such that ff dm< Ilim inf Jfk dn. 5
= A A

—>00
c) Show that compact subsets of a metric space are closed. 5
3. @ Let A c(M,d)then provethat xe A iff B_(x) nA # ¢ for every € > 0. 6
b) Is Cantor set compact ? What isitsinterior ? Explain. 6
c) With usual notations, show that, LP(u)isalinear space where 1<p < oo . 4

4. a) Defineameasurable function on IR and show that following statements are
equivalent. 8

1) {x/f(x)>a} ismeasurablefor every a€ IR
i) {x/f(x)>a} ismeasurablefor every ae IR
i) {x/f(x) <a} ismeasurablefor every ae IR
Iv) {x/f(x) < a} ismeasurablefor every ac IR
P.T.O.
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1
b) Flndllmltpomtsonand{ }wherene IN. 4
c) Show that IR with discrete metric space is not separable. 4
5. @ State and prove Monotone Convergence Theorem. 5
b) Draw thefollowing graphsinIR2. 6
) Yul, <1} i) {ul, <1 i) {Jul <1} for ue IRZ.

c) Show that 6:[0,1]— [a, b]defined by o(t) = a+ t(b—a) is homeomorphism

and f € C[a, b] if fooe CJ0,1]. 5
6. a8 State and prove Holder’sinequality. 6
b) Show that a Riemann integrable function isalso aL ebesgueintegrable. 5

c) Suppose{F,}isadecreasing sequence of non-empty closed setsin acomplete

space (M, d), withdiam K, - 0, as n — « then show that ﬂFn¢¢. 5
n=1

COSNX Sin Mx
7. @ Show that {\/— NN }Wheren,meINformsanorthonormaIset

in L([-m, m]) . 6
b) Show that (M, d) is compact then every open cover of M has afinite subcover.
c) State Banach contraction principle.
8. @ Show that any non-empty complete metric space is of second category.

b) State and prove Arzela-Ascoli Theorem.

M 0 NN X

c) Show that evey continuous function is measurable.

B/1/10/405
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M.A./M.Sc. (Semester — I) Examination, 2010
MATHEMATICS (2008 Pattern)
MT-502 : Advanced Calculus

Time: 3Hours Max. Marks: 80

N.B. : 1) Attempt any five questions.
2) Figures to the right indicate full marks.

3) Notation : {&,&,,..., &} denote standard basis for IR

1. @ Assumethatf:Sc IR IRisdifferentiablescalar fieldatapointa inIntS
with total derivative T,; Then provethat f'(3;y) existsfor every ye IR,

b) Let f: IR"___,IR"™ be a vector field, and let f (%) =f1(X)& +...+Fm(X)Em,

wheref : IR IR, i=1,2, .., marescaar fields. Then provethat f is
continuous if and only if component function f. is continuous.

c) Let f: IRy IRand 0: IR IR be two vector fields defined as :
F(x,y) =€ & +sin(y + 2x)&, and
d(u,v,w)=(u+ 2v2 + 3W3)é1 +(2v — u2)é2 )

Compute Dh(L-1,1), whereh =fog.

2. @) If f isavector field, show that f isdifferentiableat @ thenit is continuous at

—

a.

b) Find thedirectional derivative of the scalar field f(x, y) = x?>—3xy aong the
parabolay? = x* — x + 2 at the point (1, 2).

c) State and prove chain rulefor derivatives of vector fields.

P.T.O.
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3. @ Definelineintegral of avector field along the curve. lllustrate by an example
that lineintegral isindependent of the path along acurvejoining the two points. 8

b) Give an example of avector field f (x, y) defined on aopen set Sc IR such
that D,f, = D,f; but f isnot gradient on S. 8

4. @ Provethat thelineintegral of acontinuous gradient is zero around every
piecewise smooth closed path in an open connected set Sin IR 8

dx — (x —y)dy
2 2

X +y

in acounter clockwise direction.

. (X+Y) : : 2 4 \2—
b) 1) Evaluatef ,WhereCisthecirclex®+y*=4traversed
C

i) Letf(x,y)= {yz‘éﬁ 2X Z-ézfor(x,y);t(0,0).Showthatjf(x,y)
C

X +Yy X +y
isnot zero, where C isthe circle of radiusa> 0 with center at
origin. 8
5. @ Provethat acontinuous function f on arectangle Q isintegrable on Q. 8
b) Evaluate [[xy(x +y)dxdy, where Q =0, 1] x [0, 1]. 4
Q
c) Evaluate [[si n’xsin’y dxdy, where Q= [0, 1 x[0, 7] . 4
Q
6. @ State Green’'stheorem for planeregion and verify it by an example. 8

b) Evaluate [[[xyzdxdydz , where
S

S={(x,y,z)/x2+y2+zzgl,x2O,yz0,22 0}. 4

c) Stateonly the general formulafor change of variablesin doubleintegralsand
explainthetermsinvolved. 4
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7. @ Definesurfaceintegral and explainthetermsinvovledinit. 6

b) Let x? + y? + 22 = 1 be a sphere of radius one. Find the fundamental vector
product in explicit form of this sphere. Also discussthe singular points of this
surface. 6

c) If ¥(u,v)=(Xo+aw+ bv)e + (Yo +asu+hbyv)é + (zo + agu + bav)eés,

find a_v+a_v intermsof uandv. 4

ou ov
8. @ State and prove divergence theorem. 6
b) Show that curl (grad¢) =0. 4

c) Use transformation formula to transform the integral [[[ f (x,y,z)dxdydz,
S

where Sis sphere of radiusaby using x =pcos6cos¢,
y =psin@.cos¢,z=psing. 6

B/1/10/510
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M.A./M.Sc. (Semester —I) Examination, 2010
MATHEMATICS (2008 Pattern)
MT 503 : Linear Algebra

Time: 3Hours Max. Marks: 80

Instructions : 1) Answer any five questions.

2) Figures to the right indicate full marks.

1. @ LetV beafinitedimensional vector space over K, and let X andY befinite
subsets of V. If Y islinearly independent and V = <X}, provethat [Y| < [X| 6
b) LetV and V'’ befinitedimensional vector spacesover K. Provethat V =V’ if
only ifdmV =dim V’. 6
c) If X and Y are subspaces of a vector space V such that V/X and V/Y and
finite dimensional, prove that the quotient space V/(X N Y) isalsofinite
dimensional. 4

2.9 LetV,,...V_bevector spaces over afield K. Provethat V=V @ ...®V _

isfinitedimensional if and only if eachV. isfinitedimensional. 6
b) Let D bethedifferential operator on IR;[x], write the matrix representation of D
with respect to the ordered basis{ 1 + X, X + X2, x2+x3, x+ x3}. 6

c) Provethat the geometric multiplicity of an eigenvalue of alinear operator
cannot exceed itsalgebraic multiplicity. 4

3. @ Let B be an ordered basis of an n-dimensional vector space V over K. If
Sand T are linear operators on V, Prove that [S, T], = [S]; [T];ad Tisa
bijectionif and only if [T] isaninvertible matrix. 6

b) LetV beafinitedimensional vector spaceover K and let T bealinear operator
onV.If X andY are T- invariant subspacesof V and V = X @'Y, prove that
X°and Y° are T°-invariant subspaces of V° and V° = X°®@Y®°. 6

P.T.O.
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c) LetK beafieldandletp(x)=x"+3a, 4 x4 L+ g, beamonic polynomial

of degreen. Let A be an nxn matrix given by : 4
[0 --- 0 _ao“

A=l :
O--1-a,

Prové that the characteristic polynomial of A is p(x).

4. @ LetV beafinitedimensional vector spaceover K of dimensionnand let T be
alinear operator on V. If m_(x) = p (x), where p (x) isa monic irreducible
polynomial of degree m, prove that m dividesn. 5

b) Provethat two diagonalizablelinear operatorsSand T on V are simultaneously
diagonalizable if and only if they commute, that isST =TS. 7

c) Provethat a Jordan chain consists of linearly independent vectors. 4

5. @ LetV beafinitedimensional inner product spaceand let f bealinear functiona
onV. Prove that there exists aunique vector x inV such that f (v) = (v, x), for
alvinV. 7

b) LetV andW befinite dimensional inner product spacesand let T € < (V, W).
Prove that there exists aunique linear mapping T : W —s V such that for all
veV and we W, (Tv, w) = (v, T"w). 5

c) Prove that a Jordan subspace for alinear operator T is T-cyclic. 4

6. @ Provethat aself adjoint operator T on afinite dimensional inner product

spaceV isorthogonally diagonalizable. 6
1 0 2

b) LeeA=|0 1 0leR “find a polar decomposition of A. 6
0 0O

c) Let T be aunitary operator onV, dimV = n. If B; and B, are ordered

orthonormal basis of V, provethat 7] _isaunitary matrix. 4

B:
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7. @ Provethat abilinear formisreflexiveif and only if itiseither symmetric or
aternating. 6

b) LetA, Be K™ Provethat bilinear spaces (k”,eA) and (k”,eB) areisomorphic
if and only if A and B are congruent matrices. 6
c) Let ¢ beanondegeneratereflexivebilinear form on afinitedimensional vector

space V over K. For asubspace Sof V, provethat S~ =S. 4

8. @ Provethat asymmetric bilinear form on afinite dimensional vector spaceV
over afield K of characteristic not equal to 2 isdiagonalizable. 6

b) Provethat two triangulable nxn matricesaresimilar if and only if they havethe
same Jordan canonical form. 6

c) Giveall possible Jordan canonical formsif the characteristic polynomial is
(x —2)3 (x —5)2. 4

B/1/10/505
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M.A./M.Sc. (Semester — I) Examination, 2010
MATHEMATICS
MT - 505 : Ordinary Differential Equations
(2008 Pattern)
Time: 3Hours Max. Marks: 80

N.B.: 1) Answer any five questions.
2) Figures to the right indicate full marks.

1. & Find the general solution of y”—y’—2y=4x2. 5

b) If q(x)<0, andif u(x) isanontrivial solution of u”+q(x)u=0, prove that
u(x) has at most one zero. 5

c) Lety(x) and z(x) be nontrival solutions of y”+q(x)y=0 and z’+r(x)z =0,
where g(x) and r(x) are positive functions such that g(x) > r(x). Prove that
y(X) vanishes at least once between any two successive zeros of z(x). 6

2. @ Findthegenera solution of (1+x?) y”+2xy’—2y=0 intermsof power series
inx. 5

b) Verify that theoriginisaregular singular point and cal cul ate two independent
Frobenius series solutions for the equation 4xy”+2y’+y =0. 8

c) Arethefunctions ¢;(x)=sin x and ¢, (x)=€"*defined on —eo<x <eo linearly
independent ? Why ? 3

3. @ Findthegeneral solution of (2x2+2x)y”+(1+5x)y’ +y=0 near thesingular

point x = 0. 8
b) Find the general solution of the system 8

ax

—=3x-4

dt Y

dy

— =X —

dt Y

P.T.O.
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dx d
4. @ If aisan arbitrary constant, prove that the system m =X —Y, d_)t/ =X+ ay

hasthe originasonly itscritical point, find the differential equation of the
paths and solve this equation to find the paths. 6

dx d
b) If 20,2, 20, show that the system . =apx+hyy - =a,x+byy has
infinitely many critical points, none of which areisolated. 6

c) Show that y(x)=c; sinx+c,cosx isthegeneral solution of y”+y=0 onany
interval, and find the particular solution for which y(0) =2 and y’(0)=3. 4

5. @ Solvethefollowinginitial value problem by Picard’s method and comparethe
result with exact solution 8

Y _ox@+y),y(0)=0.
dx

b) Show that the function f(x,y) = xy? satisfies a Lipschitz condition on any
rectanglea<x <b and c<y<d but it does not satisfy a Lipschitz condition on

any strip a<x<b and —oo<y<eo, 8

6. @) Letx,beanordinary point of thedifferential equation y”+P(x)y’'+Q(x)y=0,
and let g, a be arbitrary constants. Prove that there exists a unique function

y(x) that is analytic at x,, is a solution of above differential equation in a
certain neighbourhood of this point, and satisfies the initial conditions

y(X,) =g and y’(xg)=a,. 8

b) Find the eigenvaluesand eigenfunctions of 8

y 4y +My=0; Y (1)=0, y(2)+2y'(2)=0.
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7. @ Findarecurrenceformulaandtheindicial equationfor aninfinite seriessolution
around x = O for the differential equation 8x%y”+10xy’ +(x —1) y=0. 8

b) Solve y® =5x by variation of parameters. 8
8. @ Findthe general solution near x = 0 of the hypergeometric equation
X (1-x) y"+[c—(a+ b+1)x]y’—aby=0 where a, b, and c are constants. 8

b) Let ¢ beany solutionof L (y)=y"+ay+a,y=0, onaninterval | containing a

K|x—=x,|

point x,. Provethat for all xinl o (x)| e kx| o o ()] < |0 (x0)| e

(0 272 . k=Lrfarl+|a).

where o)}~ 000) 2+

B/1/10/385
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M.A./M.Sc. (Sem. —II) (2008 Pattern) Examination, 2010
MATHEMATICS
MT 601 : General Topology (New)

Time: 3Hours Max. Marks: 80

N.B.:i) Attempt any five questions.
ii) Figures to the right indicate marks.

1. A) Define abasisfor atopology on aset X. Show that the countable collection
B={(a b/ a<b,aandbarerationa } isabasisthat generates the standard
topology on IR 6

B) Show that the intersection of two topologies on aset X isatopology on X.
Show that union of two topologies on X need not be a topol ogy. 5

C) Let m:XxY - X and n:XxY —Y be projection maps. Prove that w; and
T, are open maps. Further, prove that the collection

S:{nll(u)/ U isopeninx}u{ngl(v)/v isopeninY } is asub-basis for the
product topology on X x Y. 5

2. A) Defineaconvex subset Y of an ordered set X. Provethat intervalsand raysin
X are convex in X, but converseis not true. 6

B) Let X be atopological space satisfying T, axiom and let A be a subset of X.
Prove that the point x isalimit point of A if and only if every neighbourhood
of x containsinfinitely many pointsof A. 5

C) Give an example of a topological space which is not a Hausdorff space.
Further, prove that a sequence of points of a Hausdorff space X convergesto
at most one point of X. 5

3. A) State and prove the Pasting Lemma. Isthe functionf: [0, 1] U [2, 3] - IR

x, ifxel01]

] continuous ? 6

: f(X)=
defined by f (X) {x+l ifxe[2,3

P.T.O.
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B) Find the closures of the sets Z, @ and {Y,Jn=12,3,...} in IR 5

C) Show that the subspace [a, b] of IRis homeomorphic with [0, 1]. Further,
show that [0, 1] is not homeomorphic with the subspace St of IR2. 5

4. A) Prove that the topologies on IR induced by the Euclidean metric d and the
square metric P are the same as the product topology on IR. 6

B) Letf: IR— IRV bedefined by F (t) =(t, 1,1, .....). Provethat f isnot continuous
if IRV is given the box topology.
C) Give an example of a quotient map which is not a closed map.

5. A) Prove that afinite Cartesian product of connected spaces is connected. 6

B) Provethat every path connected spaceis connected. |s conversetrue ? Justify
your answe. 5

C) What are components and path components of IR, ? What are the continuous
mapsf: IR~ IR, ? 5

6. A) Prove that a subspace A of IR"is compact if and only if itisclosed and is
bounded in the Euclidean metric d or the square metric P . 6

B) Show that if Y is compact, then the projection map m; : X xY — X isaclosed
map. 5
C) Let (x, d) be acompact metric space. Let f:X — X be afunction such that
d (f(x), f(y)) =d (x,y) for al x, y € X. Show that f is a homeomorphism. 5
7. A) Suppose that X has a countable basis, then prove that every open covering
of X contains a countable subcollection covering X. 6
B) Show that IR and |2 are not metrizable. 5

C) Letf, g: X — Y be continuous maps. Suppose that Y is Hausdorff. Show
that the set {x / f(x) = g (x)} isclosed in X. 5

8. A) Provethat every metrizable spaceisnormal.
B) Provethat aconnected regular pace having more than one point isuncountable.

wnt Ut &N

C) Show that a closed subspace of a normal space is normal.
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M.A./M.Sc. (Sem. —II) (2004 Pattern) Examination, 2010
MATHEMATICS
MT 601 : Real Analysis — II (Old)

Time: 3Hours Max. Marks: 80

N.B.:1) Answer any five questions.
2) Figures to the right indicate full marks.

1. @ Iff:[a b] - IRisof bounded variation, then prove that f is also bounded

and satisfies [f|. <|f (@)|+Vaf . 8

b) Provethat BV [a, b] is complete under the norm Hf ley = )\+V:f . 8

2. 8 State Helly'sfirst theorem and prove that [f1f2]g, <|f 15 [f 2gy - 8
b) Give an exampleto show that "Every bounded function may not be

Riemann - Stieltjesintegrable”. 8

3. @ Provethat C[a,b]JcRa [a,b] for any increasing o. 8

b) Supposethat o” existsand itisabounded Riemann integrable function on

[a, b]. Then show that given abounded function 'f ' on [a, b]. We have,

b b ,
fe R,[a b ifendonlyif fo’e Ra,b], ineither case | f do=] f (x)o'(x)dx. 8

4. @) If fe Ry[a,b] with m<f<M, then show that jbf do.=Clo (b)-a(a)] for
a
some 'C' between m and M and also if f is continuous then show that
C =1 (xp) for some x,,. 8

b) Provethatif S, — S, then 6,, — S. 8
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5. @) Define Lebesgue outer measure and prove the following : 8
) 0<m*(E)<o, for any E.

i) If ECcF then m' (E)<m" (F).

b) Prove that m (nUl En )S 21 m (En) for any sequence (E,) of subsets of IR 8
— =

6. 8 State and prove Lebesgue dominated convergence theorem. 8

b) Let {E.} bethe sequence of measurable sets. Then prove that

) IfE, C E

n+1

for each n, then m(D En):lri]m m(En) . 6

n=1

c) StateVitali'scovering theorem. 2
7. @ LetE c IR then provethat E is measurable iff
m (A)=m (ANE)+m (A N EC) for every subset A of IR. 8

b) Let{f) beasequence (finiteor infinite) of measurable functions, then prove

that supf, and inf f,, are measurable functions. 6
n n
c) State Egorov's theorem. 2
8. @ State and prove monotone convergence theorem. 8

b) Givean example of aimproper Riemann integrable function which isnot
L ebesgueintegrable. 8

B/I/10/625
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MATHEMATICS
(2008 Pattern and 2004 Pattern
MT - 604 : Complex Analysis (New and Old)

Time: 3Hours Max. Marks: 80

N.B. : 1) Answer any five questions.
2) Figures to the right indicate full marks.

3) C and Cedenote complex plane and extended complex
plane, respectively.

1. @) If zand Z are pointsin the extended complex plane C - and d(z, z') denote
the distance between z and z' then derive the expression 8

dz-7

d(z, )= -
2)15

b) i) For the point z = 3 + 2i, give the corresponding point of the unit sphere
Sin RS,

[(1+\ 2\2) (1+|z2

i) Let z and Z' be pointsin S (unit sphere in IR3) corresponding to z and z
respectively. Let W be the point on S corresponding to z + Z'. Find the
coordinates of W in terms of the coordinates of z and Z'. 8

2. @ For agiven power series . anZ" define the number 0<R <o, by
n=0

1 . 1
Ezllmsup\an\”.Provethat 8

) If | z| <R, the series converges absolutely
i) If | z|> R, the series diverges.
i) If O <r <R thenthe series convergesuniformlyon{ z:|z| <r}

b) Find the radius of convergence for each of the following power series 8
Ry N NN
) 2 Ii) Zaz,aeC
n=0 n=0

P.T.O.
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3. @ Provethat if Gis open and connected and f : G — C isdifferentiable with
f'(z) =0for al zin G then f is constant.

b) i) Show that for any z, (cosz)' =—sin z.

ii) Describetheset {z:e? =1 .

4. @ If z,,z5,z, aredigtinct pointsin €, and T isany Mdbius transformation then
provethat (24, z,, 3, 24) = (T4, TZ,, Tz, Tz,) for any point z;. Hence prove
that a M 6bius transformation takes circles onto circles.

b) i) Find the fixed points of adilation and theinversionon C ..
i) Evaluatethecrossratio (7 +1i,1, 0, « ).

5. @ Prove that if a function f is analytic in the open sphere B (a ; R) then

. 1
f(@)=22,(z-3)" for|z—a < Rwhere &, :Ef(”)(a) and this series has
n=0 :

radius of convergence >R.
b) Evauatethefollowingintegrals

i) jﬂdz y(t)=¢€', 0<t<orn;

1)) J( )n where nisapositiveinteger and y(t) = €', o<t < 2x.
Z__

2
6. @ Let G be an open subset of the plane and f :G — C an analytic function.
Provethat if y isaclosed rectifiable curvein G suchthat n(y;w) =0 for all w
iNC-GthenforainG—-{vy}

) (@)= i 2

b) i) Let y be aclosed rectifiable curve C and a¢ {vy} . Show that for
nzzj(z—a)_” dz=0
Y
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ii) Let p(z) be apolynomial of degree n and let R > 0 be sufficiently large so
that p never vanishesin {z:|z|> R}. If y(t) = Re" 0<t < 2m, show that

J Fp))((z) dz=2min- 8

7. @ Letfbeandyticintheregion G except for theisolated singularitiesay, ay,..., &,
Provethat if y isaclosed rectifiable curve in G which does not pass through

any of the points a, and if y=Qin G then

1 n

—|f = n(v;ax)Res(f;ay)

2 y k=1 6
b) Letf(z)= 1 ; give the Laurent expansion of f (z) in the annuli

z2(z-1)(z-2)

ann (0; 1, 2). 5
c) Show that for a> 1,

-T de __ = s

0a+cos0 g% _ 1’

8. @ LetGbhearegionin C and f an analytic function on G Provethat if thereisa

constant M such that !'M sup | f () | < M for dl ain 3,,G then |f(2) | < M
foralzinG. 6

b) Let G beabounded region and supposef iscontinuouson G and analytic on
G . Show that if thereisaconstant ¢ > suchthat | f(z) | = cfor al z on
the boundary of G then either f isa constant function or f hasazeroin G . 5

3

1
c) Doesthereexist ananalyticfunctionf :p — D withf(g}z1 and

(1) 2
f (E)=§? Justify your answer (D = {z:|7]<1}). 5

B/1/10/620
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MATHEMATICS (2008 Pattern)
MT-701 : Functional Analysis (New)

Time: 3Hours Max. Marks: 80

Instructions : i) Attempt any five questions.

ii) Figures to the right indicate full marks.

1. @ Let M beaclosed linear subspace of anormed linear space N. The norm of a
coset X + M in the quotient space N/M is defined by

IXx+M | =inf{|[x+m]:m € M},
Prove that N/M is anormed linear space. 6
1
b) Letx = (Xg, Xy, .., X,) bean n-tuple of scalars. If [[x||, = (ZIX- |P)5 and

x| = max{[x],...,

Xn

}’then provethat || X |.=lim|| x|l , as p— . 4

c) If M isaclosed linear subspace of a normed linear space N, and if T isthe
natural mapping of N onto N/M defined by T (x) =x + M, show that T isa
continuous linear transformation for which ||T|| < 1. 6

2. @ Let M bealinear subspace of anormed linear spaceN, and let f beafunctional
defined on M. If x, isavector not in M, and if M, =M + {x.} isthe linear

subspace spanned by M and x , then prove that f can be extended to a
functional f, defined on M such that |[f || = [if ||. 8

b) Let M be alinear subspace of a normed linear space N, and x, be a vector
notin M. If d isthe distance from x, to M, then show that there exists a

1
functional f in N* such that f; (M) =0, f; (xg) =1, and |[f || = g 6

c) True/False ? Justify your answer.
If N iscomplete, then N isreflexive. 2

P.T.O.
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3. @ State and prove the closed graph theorem. 8
b) With usual notations prove that x — F, isanorm preserving mapping of
NintoN*". 8
4. @ Show that the parallelogram law isnot truein /” (n > 1). 4
b) Let M be a proper closed linear subspace of a Hilbert space H. Prove that
there exists anon-zero vector z;in H such that z, L M. 6
einx
c) Show that {—— isan orthonormal setinL, [0, 27]. 6
) { @} [0, 27]

5. @ Provethat an operator T on aHilbert space H isnormal if and only if
IT* x|| = |ITx]|| for every x € H. 6

b) Show that an orthonormal set in aHilbert spaceislinearly independent. 4

c) Let Pbeaprojection on aHilbert space H with range M and null space N.
Provethat M L N if and only if Pisself-adjoint. 6

6. @ If T isan operator on a Hilbert space H, then prove that the following
conditionsareall equivalent to one another. :

) T'T=I;
i) (Tx, Ty) =(x,y) for dl x and y;
iiN) [[Tx]||=|x|for all x. 6

b) Let N, and N, benormal operatorson aHilbert space H with the property that
either commutes with the adjoint of the other. Provethat N; + N, and N; N,
arenormal. 6

c) Provethat the adjoint operation T — T~ on B(H) hasthe following properties
) (oT) =aT ;

) () =TT 4
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7. @ With usual notations, provethat (/) =1, . 6

b) Show that a projection on a Hilbert space H satisfies O <P<I. Under what
conditionswill P=OandP=17? 6

c) Let A andA c B be nonempty subsets of a Hilbert space H. Show that
11
AcCA adpg' A" 4
8. @ 1) State spectral theorem.
i) If Tisanorma operator on aHilbert space H, then provethat M'sspanH. 8

b) Let T be an operator on H, and prove the following statements :
I) Tissingularif andonly if Oe 6(T);

i) If Tisnon-singular, then Ae o(T) if andonly if A" e G(T‘l) : 8
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M.A./M.Sc. (Semester — III) Examination, 2010
MATHEMATICS (2004 Pattern)
MT-701 : General Topology (Old)

Time: 3Hours Max. Marks: 80

N.B. : 1) Answer any five questions.
2) Figures to the right indicate marks.

1. @ Defineabasisfor atopology on aset X. Show that the topology generated by

abasis equals the collection of all unions of elements of the basis. 6
b) Let X beasetand t={uc x|x—u isafiniteor al of x}. Then show that t
isatopology on X. 5

c) If X={ab,c},let 1,={o,x.{a},{ab}} and 1, ={0,x.{a}.{b,G}.
Find the smallest topology containing t, and t,, and the largest topology

contained in t, and t,. 5

2. @) LetA beasubset of the topological space X ; let A” be the set of all limit
points of A. Then provethat A=A UA’, 6
b) Istherea linelRaHausdorff space ? Justify. 5

¢) Findthe closures of the following subsets of thereal line IR ?

) A= {llne Zﬁ}
n
i) The set Q of rational numbers. 5

3. 8@ Letf:A - XxY begivenbytheequationf (a) = (f, (a), f,(a)). Provethat fis
continuous if and only if the functionsf, :A —» X andf,=A— Y are
continuous. 6

b) Show that themappingf: IR — IR givenby f (x) = 3x + Lisahomeomorphism. 5
c) Supposethat f : X — Y iscontinuous. If x isalimit point of the subset A of X,
Isit necessarily truethat f (x) isalimit point of f (A) ? 5
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4. & Provethat afinite Cartesian product of connected spaces is connected. 6

b) Prove that the image of a connected space under a continuous map is
connected. 5

c) Show that the set ||$ is not collected in the box topol ogy. 5

5. @ LetY beasubspaceof X. Provethat Y iscompact if and only if every
covering of Y by setsopenin X contains afinite sub collection coveringY. 6

b) Show that thereal line IRis not compact. 5
c) Showthatif f: X — Y iscontinuous, where X iscompact andY is Hausdorff,
then f is closed map. 5
6. @ Provethat if atopological space X has a countable basisthen it is Lindel 6f
and separable. 6
b) Prove that the space IR, is first countable but not second countable. 5

c) Show by an example that the product of two Lindel 6f spaces need not be
Lindel 6f. 5

7. @ Prove that a subspace of a Hausdorff space is Hausdorff and a product of
Hausdorff space is Hausdorff. 8

b) i) Show that a closed subspace of a normal space is normal.
ii) Show that if ©X  isregular thensois X, . 8

8. @ Provethat every regular space X with acountable basisis metrizable. 10

b) State the Tychonoff Theorem. Hence show that the product 1:;[1 [-n,n] is
compact in the product topology. 6

B/1/10/325
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M.A./M.Sc. (Semester — III) Examination, 2010
MATHEMATICS (2008 Pattern)
MT -702 : Ring Theory (New)
Time: 3Hours Max. Marks: 80

N.B. : 1) Attempt any five questions.
2) Figures to the right indicate full marks.

1. @ If Risaringwithidentity and Sisasubring of R containing the identity, then
provethat if uisaunitin Sthen uisaunitin R, show by example that the

converseisfase. 5

b) Define the ring of integers in the quadratic field Q(JB) D is sguare free

integer.

Provethat the element ¢ inring of integersin the quadratic field isaunit iff

norm of o = +1. 6
c) i) Provethat theonly Boolean ring that isan integral domainis %2' 3

i) If Risanintegral domain and x2 = 1 for somexe R then provethat x =1, 2

2. @ If Risanintegral domain andif p(x), q(X) € R [X] then prove that
i) degree p(x) q(x) = degree p(x) + degree q(x).
i) R[x]isanintegral domain. 6

z
b) Find all ring homomorphismsfrom z to 107" Describe the kernel and image

in each case. 6

c) If ¢:R — S isaring homomorphism and if x is nilpotent element of R then
provethat ¢(x)isanilpotent of S. 4

3. @ Provethat every ideal inaEuclidean domainisprincipal. 5
b) If Risaquadratic integar ring Z[A/_5J and | =(3,2++/-5),isanideal then
show that | isnot principal ideal. IsR a Euclidean domain ? 6

c) If RisaEuclidean domainandif a, b, c €R (a0, b= 0)adivides bc then

a
show that m dividesc. 5
a, P.T.O.
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4. @ Provethat every non-zero primeideal inaprincipal ideal domainisamaximal
ideal. IsZ[x] aprincipal ideal domain ?

b) Provethat aquotient of PID, in general, is not a PID; but quotient of by a
primeideal, ideal isPID.

z[i]
@+i)
5. a Provethat apolynomial of degreetwo or three over afield Fisreducibleiff it

hasarootin F
b) If | isaproper ideal intheintegral domain R and p(x) isanon constant monic

c) Provethat the quotient ring isafield of order 2. IsitaU.F.D. ?

R
polynomial in R [x]. If the image of p(x) in (T)[X] cannot be factored in

R
T [X] into two polynomialsof smaller degreethen provethat p(x) isirreducible
inR[x].

c) Construct afield with nine elements.

6. @ Show that the following are equivalent.
I) RisNoetherianring.

i) Every non-empty set of ideals of R contains a maximal element under
inclusion.

i) Everyideal of Risfinitely generated.
b) If the polynomial ring R[X] is Noetherian then provethat R is Noetherian.
c) Show that the ring of continuous real valued functionson [0, 1] isnot a
Noetherianring.

7. @ If lisanideal inthe commutativering R then provethat rad | isanideal
ad |
containing | and rT isthenilradical of F%

b) Provethat inthering of integersz, theideal (a) isaradical ideal iff ais
squarfree or zero.

c) Define affine algebraic set show that one point subsets of A" for any n, affine
n-space over thefieldk, are affine algebraic.

8. @ If J=J,R =Jacobson radical of R then provethat an element xe Jiff 1 —rx
isaunitfor al re R.
b) ProvethatArtirianintegra domainisafield.

c) Provethat every PID isaDedekind domain.

6

=)
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M.A./M.Sc. (Semester — III) Examination, 2010
MATHEMATICS (2004 Pattern)
MT - 702 : Mechanics (Old)

Time: 3 Hours Max. Marks: 80

N.B. : i) Attempt any five questions.
ii) Figures to the right indicate full marks.

1. @ DeriveLagrange'sequationsof motion using D’ Alembert’s principle. 6

b) Write down the equations of constraints in cartesian co-ordinates for a small
rigid rod of length/isallowed to movein any manner inside aballoon of fixed
radius R > [, the end parts of the rod always touching the bolloon’s surface. 5

¢) Find the equation of motion of asolid sphererollig down on an incline using
Lagrange multipliersfor therolling constraints. 5

2. @ Explainthefollowingterms:
1) Degree of freedom
i) Generalized momentum
i) Virtual work
Iv) Cyclic co-ordinates. 6

b) Show that the expression for the kinetic energy on the quadratic function of
generalized velocities. 5

c) If L is aLagrangian for a system of n degree of freedom satisfying the

dF
L agrange's equations, then show that L' =L + E(ar--anrt) also satisfiesthe

Lagrange’s equation, where Fisany arbitrary, but differential function of its
arguments. 5
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3. @ Set up the Lagrangian for two bodies moving under central force about their
center of mass and show that it can be reduced to an equivalent one body
problem. 6

b) Provethat angular momentum of aparticlein central forcefield remains
constant. 5

c) Findthe central force under the action of which aparticlewill follow
r=a(1+coso). 5

4. @) Explainthefollowingterms:
I) Lagendre’'sDual transformation
ii) Passivevariables. 5

b) Show that the Hamilton’s principle

oo

also holds for the non-conservative system. 6

c) A particle moveson asmooth surface under gravity. Use Hamilton’sprinciple
to find the equation of motion. 5

5. @ Deduce Newton's second law of motion from Hamilton’s principle. 5

b) Provethat aco-ordinate whichiscyclicinthe Lagrangianisaso cyclicinthe
Hamiltonian. 5

¢) FindtheRouthianfor the Lagrangian
L :%|3(\]f+q'>cose)2+%ll(éz+d>2 sinze)—mgl cosO

Wherel, I3, m, g, | are constants. 6
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6. @ Explainthemethod to obtaintherequired canonical transform when generating
functionisgiven. 6

b) Show that the reflection about the X, X5 plane passing through the originis
canonical transform. Obtain its generating function. 5

c) DefinePoission’s bracket and show that it is invariant under canonical

transformation. 5
7. @ State and prove Jacobi-Poisson theorem on Poisson bracket. 5
b) Evaluate[Lq,Aj]and [Aj,A;] whereL =1 x pand Aij = XX+ P - 6

c) Calculatetheeigenvaluesand eigen vector of therotation matrix,

cosO snO O
A=[-sinB cosO6 O 5
0 0 1

8. @ Provethe Jacobi’stheorem for the time independent Hamilton — Jacobi theory. 5

b) Explainthe method to find the completeintegral of the Hamilton-Jacobi
equation. 5

c) Consider the motion of a body of unit mass on the constrained path

2
y = coshx under a potential v = X? . Solve Hamilton's equation of motion

directly aswell as by using the Hamilton— Jacobi method. 6

B/1/10/330
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M.A./M.Sc. (Semester — III) Examination, 2010
MATHEMATICS
MT-704 : Measure and Integration (New)
(2008 Pattern)

Time: 3Hours Max. Marks: 80

N.B. : i) Attempt any five questions.
ii) Figures to the right indicate full marks.
iii) B denotes a ¢ -algebra of subsets of X and | denotes
a measure on (X, B).

1. A) Suppose that for each o in adense set D of real numbersthereisassigned a
set B, € B suchthat u(Bo, ~ Bg) = 0 for o < 3. Provethat thereisameasurable

function f suchthat f <o ae.on Boandf > o ae on X ~By. 6
B) If E;eB, uE; < and E; o E;,;, then prove that u(ﬂEi )zrllim uEn,. 5
i=1 e

C) Let (f,) beasequence of measurable functions that convergesto afunction f

except at the points of set E of measure zero. Show that if 1 iscomplete, then
f isameasurable function. 5

2. A) Let <f n) be a sequence of non-negative measurable functions that converge

almost everywhere on a set E to afunction f. Prove that [t <lim [, 8
E E

B) If f and g are non-negative measurabl e functionsand aand b are non-negative
constants, then show that

[a +bg=aff +b[g. 4

C) Give an example of adecreasing sequence <Lln> of measures on ameasurable
space such that the set function u defined by UE = limu,E isnot ameasure. 4

P.T.O.
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3. A) Let v be asigned measure on the measurable space (X, B). Prove that
thereisapositive set A and a negative set B such that X =AU B and

ANB=0. 6
B) Show that if measures v, and v, are singular with respect to u, thensois
Civ1+ Covo. 5

C) Provethat every measurable subset of apositive set isitself positive. Further,
prove that union of a countable collection of positive setsis positive. 5

4. A) Let (X, B, 1) bea ¢ -finite measure space and v a ¢ -finite measure defined
on B. Then prove that we can find a measure v, singular with respect to u,

and ameasure v1, absolutely continuous with respect to ., such that
V=Vg+V;. 6

B) If Ae @aand if (A;) isany sequence of setsin @such that A < | JAi, prove
i=1

that LA <D UA;. 5
i=1

C) Let (X, B, n) beafinite measure space and g an integrable function such that
for some constant M,

qu> du‘ <M|4|, for all smplefunctions ¢. Provethat ge L. 5

5. A) Let Fbeabounded linear functional on Lp(u) with 1< p < . Show that there

isaunique element ge L such that
F(f)=[fgdu

1 1
and |H| =19, where —+— =00, 6
IFi=lol, where * +

B) Let X be a set consisting of two points. Construct an outer measure on X
whichisnot regular. 5

C) If n isafinite Baire measure on the real line, then show that its cumulative
distribution function F is a monotone increasing bounded function whichis

continuous on the right. Further, show that lim F(x) =0 5
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6. A) Let u beameasureonac -algebraaof subsetsof X, and let M beacollection
of subsets of X which is closed under countable unions and which has the

property that for eachAe awithA c Me M, we have uA = 0. Provethat there
iIsan extension T to u to the smallest ¢ -algebraB containing dand
M such that tM =0 for each Me M . 6

B) Let B bea p* - measurable set with u* B <. Provethat u,.B=u*B. 5

C) Let A be adigoint sequence of setsin a Prove that
u*(EmU Ai]=2u*(EmAi). 5
i=1 i=1

7. A) Let F be aclosed subset of X. Prove that F is alocally compact Hausdorff
space, and the Baire sets of F are those sets of theform BN F, whereB isa
Bairesetin X. 6

B) Let u be afinite measure defined on a ¢ -algebra M which contains all the
Baire sets of alocally compact space X. Provethat 1 isregular if itisinner
regular. 5

C) Show that the intersection of two ¢ -compact setsis ¢ -compact. 5

8. A) Let n be a measure defined on a ¢-agebra M containing the Baire sets.
Assume either that 1 isquasi regular or that w isinner regular. If u isouter
regular for each compact set or if u isinner regular for each bounded open
set, then prove that 1 isregular for each ¢ -bounded set in M. 8

B) Let u beaBaremeasureon X. Provethat there are compl ete saturated measures
I and U defined on a ¢ -algebra containing the Borel setswith [T quasi

regular, p inner regular, and iE = uE = uE for each g -bounded Baireset. 8
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M.A./M.Sc. (Semester — III) Examination, 2010
MATHEMATICS
MT-704 : Mathematical Methods — I (Old)
(2004 Pattern)

Time: 3Hours Max. Marks: 80

N.B. : 1) Attempt any five questions.
2) Figures to the right indicate full marks.

1. @) Defineconditionally convergent seriesand give an example of the same. 4

b) Discuss convergence of the following series. 6
) Tn'e"
n=1

i +1+1+1+1+1
Ny T T T 5T 3T 3
2 3 o 32 3 33

+...

c) Find first four terms of the Taylor series expansion of the function tan Y

around x = 0. 4

d) Explainthe root test for convergence of a series. 2
< 1

2. d Ife=zﬁ,showthat2<e<3. 4
n=0 Ik

b) Show that the alternating seriesa, —a, + a,—a, ..., where 0 < ap,; < ap and

lima, =0, converges. 5
N—>c0

c) Statethe Dirichlet conditions for convergence of Fourier series. 2

d) Expand f(x) =x? —m<x <m asFourier series, wheref is periodic with
period 7. 5
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3. @ Findtheamplitude, period, frequency, wave velocity and wave length of the

wave motion y(x)=sin5n?x. 5
b) Define Legendreform of dliptic integrals of thefirst and second kind. 2

c) Show that, if 0<k <1, thedlipticintegral
/2 do

K(k)=
“ !) \ll—kzsinze

2 2 2
:E{1+(1) k2+(L3) k4+(—1'3'5) k6+...]. 5
2 2 2.4 2.4.6
d) Findthelength of the arc of the curvey = sinx, 0<Xx <, intermsof eliptic
integrals. 4
4. @) Define T'(m) and B (m, n). Further show that B(m,n) :M, mn>0. 6
I'(m+n)
M2 4 5
b) Evaluate | sin 6cos 6d6. 4
0
c) Provetheduplicationformula
2P-1
27 " T(PT(P+1)=+/rT(2P). 6
5. @ Show that
1
| Pa(x) Pn(x)dx =0 if m#n, whereP, denotes Legendre polynomial. 4
-1
b) Statethe Rodriguesformulafor Legendre polynomials. Evauate P,(x) using
the same. 4

c) Show that for p=n(n+ 1), n e N, Legendre equation
(1- xz)y”_ 2xy’ + py = 0, admits a polynomial solution of degree n. 8
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6. @ Find the Laplacetransform of :

1) L[e*sinh 3t] (9)

.. 1- cost
1)) Lli . }

b) Findinverse Laplacetransform

L—l|: : S+2 }(t).
S —4s+13

c) Solvethefollowing differential equation using the Laplacetransform.

y”+ 4y’ +8y =cos2t, y(0) = 2, y'(0)=1.

7. @ Statethe Rodrigue'sformulafor Hermite polynomials and evaluate H,(x),

H.(x).

b) Solvethe Bessel equation of order zero :

x2y” + Xy’ + x2y =0, around theregular singular point 0 and derive the

expression for J,.

c) Show that d Jo(X) =-A(X).
dx

8. @ Define Fourier transform and prove that

) F [eia‘ f(t)](s) ~f(s+a)

i) F[f(t—a)] (5) = &= f(s).
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b) Find Fourier transforms of

) f(t)=¢'
.. _ —t| 6
i) f(t)=e".

c) State and prove Fourier convolution theorem. 4

B/1/10/290
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Time: 3 Hours Max. Marks : 80

N.B.: 1) Answer any five questions.
2) Figures to the right indicate full marks.

1. @ Provethat if G is a sdf-complementary graph with n vertices, thenn or n -1

is divisible by 4. 6
b) Prove that an edge is a cut edge if and only if it belongs to no cycle. 6
c) Provethat every set of six people containsat |east three mutual acquaintances
or three mutual strangers. 4
e : . (n=-1) .
2. & Provethat if G isasmple n-vertex graph with 6 (G) > 5 ,then G is
connected. 6

b) Prove that every simple graph with at least two vertices has at least two
vertices of same degree.

c) Prove that every Tournament has a king.

3. @ Provetha for an n-vertex greph G (withn > 1), thefollowing are equivdent : 6
1) G is connected and has no cycles
i) G isconnected and has n — 1 edges
Ill) G has n — 1 edges and no cycles.
b) Determine whether the sequence (5554211 1) isgraphic ? Provide a
construction or a proof of impossibility.

= A

c) Using matrix tree theorem, count the spanning trees in the graph G.

=

P.T.O.
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4. @ Provethat in a connected weighted graph G, Kruskal’ s algorithm constructs
a minimum weight spanning tree. 8

b) There are six cities in a network. The travel time for traveling directly from
i to] istheentry &;, in the matrix below. Also, g; = - indicates that thereis
no direct route. Determlne the least travel time and quickest route fromi toj
for each pair i, |. 8

o8 Mwowm
g AN O W Y

N o1 § o1 o

5. @ Provethat for k > 0, every k-regular bipartite graph has a perfect matching. 6
b) Define:
1) Maximal matching in a graph
i) Maximum matching in a graph. 6

Find the smallest graph having a maximal matching that is not a maximum
matching.

c) Prove or disprove = Every tree has at most one perfect matching. 4

6. @ Provethat if G isagraph without isolated vertices then o(G) +B'(G) =n(G). 8

b) i) Find a maximum matching in the following graph.

- /
i) Let T be atree with n vertices, and let k be the maximum size of an
independent set in T. Determine o(T) in terms of n and k. 8
7. @ Provethat if Gisa3—regular graph thenk (G) = k' (G). 8

b) i) Determinek (G), k' (G) and & (G) for the graph G where G isacomplete
graph on five vertices.
I1) Show that every graph with connectivity 4 is 2-connected. 8

8. @ Provethat agraph is 2-connected if and only if it has an ear decomposition. 8

b) i) State Menger’s theorem. Illustrate with one example.
i) State Max-flow Min-cut theorem. Illustrate with one example. 8
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1. @ If Riscommutative ring with 1, then prove that Ae M (R) isaunit iff its
determinant det (A) isaunitin R. 6

b) If Risaringwith 1 and xe R isnilpotent then show that 1 + x isaunitin R.
Can one replace ‘nilpotent’ by “zero divisor”. 5

c) Isthefollowing statement true ? Justify ? In the ring sz,E IS an idempotent
if K isodd. S

2.8 If Risaringwithland | isanideal in R such that | # Rthen prove that
there isa maximal ideal M of the ssme kind as| such that | M. 10

b) Show that the above result is not true if R has no unity evenif R is
commutative. 6

3. @ Provethat the %Z isafidd iff an isan integral domain or iff nisaprime. 8

b) If R isacommutative ring with unity and each ideal in R is prime then

prove that R isafield. 4
c) If theintersection of two primeidealsisaprimeideal then prove that one of
them is contained in the other. 4

4. Q) If for n>2, thering %\z has no non-trivial nilpotent elements then prove
that n is square tree.

wn

b) Give an example of aring in which an ideal of an ideal is not an ideal.
c) Show that in any Boolean ring an ideal is maximal iff it isaprime ideal. 5
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5. @ If I cJ areboth 2-sided idealsin aring R then prove that IjT/II = R/J. 8
b) Give examples of homomorphisms of ringsf : R — Sandg:S — T such
that gof is an epimorphism but f is not. 4

c) Provethat Hom ;,(z,2)=(0) VneN. 4

rin

6. & Provethat aprimeis an irreducible but not conversely.
b) Prove that every Euclidean domain is a PID.
c) Show that inthering Z [i] the elements 3+ 41 and 4 — 3 i are associates
whereas 11+ 7i isco-primeto 18 —i. 4

7. @ If thering Risan FD in which every irreducible element is a prime then

prove that R is UFD. 5
b) If Ris UFD then prove that every irreducible polynomia in R [X] isa
prime. 5
c) i) Show by an example that a subring or a quotient of a UFD need not be a
UFD. 3
ii) Show by Eisenstein’s criterion x2 + 1 is irreducible over IR. 3

8.8 If M and N are submodules of a module P over R. Then prove that
M NN =(0) & every dement Se M + N can beuniquely writtenass=x+y
with xe M and ye N . 6

b) Show that every finitely generated R-module M can be considered as a
qualient of R" for some n. 5

c) Define Torsion module and torsion free module and give example for each. 5
For any module M over a commutative integra domain R, prove that the

quotient % is torsion free,
t

(M, = set of dl torsion elements of M).

B/1/10/375
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1. @ Listal non-isomorphic simpledirected graphswith three vertices. 6
b) Provethat if Gisbipartite, then every circuitin G has even length. 6

c) If al vertices of agraph G have degree P, where Pis an odd number, show

that the number of edgesin G isamultiple of P. 4

2. @ If vandedenotethe number of verticesand edgesrespectively in aconnected
planar graph G with e > 1, then prove that e < 3v — 6. Hence, prove that Kg

isnonplanar. 8

b) If aconnected planar graph with n vertices, al of degree 3 has 7 regions,

determinen. 4
c) 1) Find aplanar graph that isisomorphic to its own dual. 4
i) For what values of r and s, is the complete bipartite graph K| ¢ planar ?

3. @ Provethat an undirected multigraph hasan Euler Cycleif andonly if itis

connected and has all vertices of even degree. 8

b) Find the chromatic number of Petersen’s graph. Givejustification. 4

P.T.O.
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c) i) For which vaues of n, does K, the complete graph on n vertices have an

Euler cycle? 4

i) Prove or disprove: A graph with an Euler cycle have abridge.

4. @ Provethat every tournament has a Hamilton path. 6
b) Provethat every planar graph can be 5-coloured. 6
c) Find the chromatic polynomia of the graph C,, of acircuit of length 4. 4
5. @ Provethat there are N2 different undirected trees on n lables. 6

b) Show that any tree with morethan one vertex hasat least two vertices of degree

one. 6
c) Show that the chromatic polynomial of an n vertex treein K(K — 1) 1, 4
6. @ Provethat Prim’sagorithmyieldsaminimal spanningtree. 8
b) Find all spanning trees (upto isomorphism) in the graph G. 4
h

c) If 56 people sign up for atennis tournament, how many matcheswill be
played in the tournament ? 4

7. @ Provethat for any a—z flow f, and any a—z cut (P, P), in anetwork N,
T |<K(P,P). 8
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b) Determinethe shortest path from vertex ato f in thefollowing graph, using

Dijkstra salgorithm. 8
i
o | CI}
5 / .
.t-
o i =
L 4
(&) 3 e
8. @ Stateand proveHall’s marriage theorem. 8

b) Find amaximal flow from ato z in the following Network. 8

B/1/10/190
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1. 8@ Giveanexampleof anirreducible polynomial inZ[x], having degreen> 1.

Justify your answe. 4
b) Let Fc EC K befields. If [K : E] <e and [E : F] <eo, show that :
i) [K:F] <e and
i) [K:F]=[K:E][E:F]. 6
C) Letp(x) beanirreducible polynomial in F [x]. Show that there exists an
extension E of Fin which p (x) hasaroot. 6
2. @ Show that afinite extension field isan algebraic extension. 4

b) Let E=F (uy, ..... u) be afinitely generated extension of F such that each u;,
I =1,..,nisagebraic over F. Show that E isafinite extension of F and hence
an algebraic extension of F. 6

c) LetFbeafield, andlet ¢ : F— L bean embedding of F into an algebraically
closedfield L. Let E=F (o) bean algebraic extension of F. Show that ¢ can
be extended to an embedding 1 : E— L and the number of such extensionsis
equal to the number of distinct roots of the minimal polynomial of o. 6

3. @ Definethe splitting field of apolynomial f (x)e F[x], wheredeg f (x) > 1. 2

b) Find the splitting field of xP—1e Q[x]’ p odd prime, and also find the degree
of the splitting field. 7

c) Let E/Fbean agebraic extension and supposethat every irreducible polynomial
in F[x] that hasaroot in E splitsinto linear factorsin E. Show that E isthe
splitting field of afamily of polynomialsin F [x]. 4

1
d) IsQ (23 ) anormal extension of Q ? Justify your answer. 3

P.T.O.
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4. @) If f (x)e F[x] isirreducible over F, then show that all roots of f(x) have the
samemultiplicity. 5

b) Show that if Fisafinitefield, the number of elements of Fisp" for some
prime p and an integer n> 1. 5

c) Letpbeaprimeandnaninteger > 1. Show that the roots of xP —xe Z[x]in
its splitting field are distinct and form afield F with p" elements. Show also

that F isthe splitting field of x”" —x over Z,, 6

5. @ Suppose E isafinite separable extension of afield F. Show that Eisasimple
extension of F. 8

b) Let Fc Ec K be three fields such that E is a finite separable extension of F
and K isafinite separable extension of E.

Show that K isafinite separable extension of F. 6

c) Isa Q(+/2) aseparable extension of @ ? Why ? 2

6. @ LetFandE befields, let 6,0, ....., 6, be distinct embeddings of F into E.

Show that 6,, 5,, ....., 6, arelinearly independent over E. 6
b) Let F be afinite normal separable extension of afield F. Show that Fisthe

fixed field of G (E/F). 6
c) If E/lFisaGaloisextension and G (E/F) = S;, find the number of intermediate

fields between F and E. 4

7. @ Provethat any polynomial of degree> 1 in C[x] factorisesinto linear factors

inC [X]. 8
b) Letf (x)e F[x] and let E be the splitting field of f (x). Suppose G (E/F)

iIsasolvable group. Show that f (x) is solvable by radicals over F. 8

8. @ Show that the sum and difference of constructible numbers are constructible. 5

b) Show that it isimpossible to construct a cube with volume equal to twice the
volume of agiven cube using ruler and compass only. 5

c) Show that the Galois group of x*+ 1e @ [x] isthe Klein four-group. 6
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1. @ When are two pathsin a space X said to be path homotopic ? 4

b) Prove that path homotopy is an equivaencerelation in the set of al pathsin X. 8
c) Give an example of aspace X, and two pathsf, and g, in X, which start and

end at the same points, such that : 4
i) fishomotopictog ii) fisnot homotopic to g.

2. @) Definethegroup IT,(X,X,) , and define the multiplication in this group. 4
b) Provethat 11,(R",0)={¢€}, thetrivial group with one element. 6

c) Lee Ac X, andr =X —— A beamap such that r (a) = afor each ac A. If
o< A, provethat r, 11, (X, a)) —— IT 4 (A, &) issurjective. 6
3. a Defineacovering space, and give an example. 2
b) Defineauniversal covering space, and give an example. 4

c) Letp: E —— B beacovering map, let p(gy) = by. Prove that any path

f: [0, 1] — B, beginning at b, hasauniqueliftingtoapath f :[0,1]——E,

beginning at &, 4
d) If g:S' — S isg(z) = 23, caculate explicitly themap g. : TT (S, 1) — T (S, 1).6

4. @ Provethat thereis no retraction of BZonto S'. 6

b) Letf: C—Cbegivenby f (z)=2"+a, 2"+ ..+ a2z + g, with

Byl + 1y ol * - + lag] + Il <1.

Prove that the equation f (z) =0 hasaroot intheunitball B={ze C\|z|<1}.6
c) Find the fundamental group of the space BxS', whereB={ze C\|z|< 1},

S ={zeC\|z|=1}. 4
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5. a) Statethe Seifert-vanKampen theorem. 4
b) Provethat if n> 2, the n-sphere S" is simply connected. 6

c) i) Provethat R! and R" are not homeomorphicif n=1. 3

i) Provethat R? and R" are not homeomorphic if n= 2. 3

6. @ Provethat IT (X x Y, Xy % Y,) isisomorphic to IT ;(X, Xg) x IT 4(Y, Y. 6

b) Provethat IT, (P y) isagroup of order 2, where P isthe projective plane. 6
c) LetY havethe discrete topology, and P: XXY — X isp (X, y) = X. Prove that
p is acovering map. 4
7. @ Provethat the fundamental group of thefigure eight is not abelian. 8
b) Let aand b be points of S2, and A acompact space and let f : A — S?\{a, b}
be continuous. If aand b liein the same component of S?\ f(A), provethat f is
null homotopic. 8
8. @ Statethe Jordan Separation theorem. Define all the terms that you use. 4
b) Give an example of aspace X and two closed curvesY, and Y, in X suchthat : 6
i) Y, separates X
i) Y, does not separate X.

c) Letp: E—— B, with E ssimply connected.

Given any coveringmap r : Y —— B, provethat thereisacovering map
q:E—>Yarg=p. 6

B/1/10/420
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1. 8 LetW beak-dimensiond linear subspaceof IR'. Provethat thereisan orthogonal
transformation h ; IR — IR’ that carries W onto the subspace IRx 0 of IK'. 8
b) i) Define the volume of a parametrized manifold.
i) Prove that the volume of a parametrized manifold is invariant under
reparametrisation. 4
2. @ Define a k-manifold without boundary in IR". 4
b) Letf: IR = IR be any differentiable function.
Prove that the graph of f, i.e. G(f) = {(x, f(x))\xe IR"} is a k-manifold
without boundary in IR 6

c) Showthat | =[ 0, 1] isal —manifoldin IR” . What isitsboundary, 91 ? 6
3.9 Letf: K" >R be C2, M ={xe IR"|f(x)=0}, N={xe IR"|f(x)>0}.
Suppose M # ¢, and D f(x) has rank 1 an each point of M. Prove that N is
an n-manifold in IR"@d9N =M
b) Find the area of a hemisphere of radius a > 0.
4.3 Let T bealinear map between two vector spacesV and W;i.e. T :V 3 W.
i) Definethedua map T . 4
i) Provethat T* (f®9)=Tf ® T'g. where f and g are tensors on V. 4
b) Give an example of an non zero alternating 2-tensor on IR
C) Let me S, be the permutation.
1 2 3.k k+1.k+1
| k+lk+2.k+1 1 2.k
Prove that sgn mt=(-1)¥. 4

P.T.O.
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5. @ Let M be ak-manifoldin IR", and pe M,

1) Define the tangent space to M at p, TpM. 4
i) Prove that TpM iswell defined. 4
b) Let M={xe R\ x. +x2 +x§=1}.
Eval T M where P= R 4
vuatepwere \/§’»\/§’\/§'
0 Le o:IR — IR'be C. Provetha o.(x;V) js the velocity vector of the curve
y(t) = a(x+ tv) corresponding to the parameter value t = 0. 4

6.a Letf:IR"—>IR beC?
1) Define the 1-form df (x) (x; v). 4

ii) Letf: IR’ =R be f(xy, Xy, Xg) = €. SN (X,Xo).

Evaluate df (1, 2, 3) ((1,2,3);(4,5,6)). 4
b) i) What is an exact form ? Give an example. 4
i) What is a closed form ? Give an example. 4

7.8 Let o: R > IR'be C”. If wisan I-form on |R", prove that
o (dw)= d(o’'w). 6
b) If o: IR — IR is C”, prove that
do; A doig A dog = (det Doe (1, 3,5)) dxy A dx, A dXs. 4

0 LetA = (0,17 o:A—Ris astu)=(sutu-12) v, =a(A).

Y

o

8. @ When isamanifold said to be orientable ?
b) Give an example of a orientable manifold. Justify your answer.
¢) Prove that any n-manifold in IR' is an oriented manifold.
d) State the generalised Stokes theorem. Define all the terms that you use.

= s A A
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3) B denotes ¢ -algebra of subsets of X, L denotes measure on

the measure space (X, B ).
1. @ Supposethat for each ¢ inadense set D of real numbersthereisassigned a
set B, € Bsuchthat W(B, ~ BB) =0 for o < . Provethat thereisameasurable

function f such that f <o ae.on B,and f 2o ae.on X ~B, . 6

b) IfE € B fori=1,2,...,then prove that u( uEi)s ZuEi ) 5
i=1 i=1

c) Show that if u iscompleteand E e B and u(E,AE,) =0, thenE,e B. 5

2. d) Let(X, B )beameasurablespace,{u_} asequence of measuresthat converge
setwise to a measure U, and {f } a sequence of non-negative measurable
functions that converge pointwise to the function f.

Prove that [fdu <lim [f, du,. 8
b) State and prove Monotone convergence theorem. 4
c) Prove that the union of a countable collection of positive set is positive. 4

3. @ Letf be an extended real-valued function defined on X. Then prove that the
following statements are equivalent :

) {x:f(x)<a}te BVa i) {x:f(x)<o}e BVa
i) {x:f(x)>o}e BVo iv) {x:f(x)>a}te BVo.. 6
b) If f and g are non-negative measurable functions and a, b are non-negative
constants, prove that [af +bg=a[f +b]g. 5

¢ If v, and v, are any two signed measures, then prove that av, /pv, is

signed measure, where o,3 are real numbers. 5

4. @ Let(X, B. 1) beac -finitemeasure space and v ac -finite measure defined
on B. . Then provethat thereisameasure v, singular with respect to 1 and
a measure v,, absolutely continuous with respect to 1 suchthatv=v,+v,. 6

b) Let (X, B, 1) beafinite measure space and g be an integrable function such
that for some constant M.

H godu ‘S M| ¢ [ for all smple functions ¢ . Prove that ge L2, 5
c) If visasigned measure such that v 1y and v<<u, provethat v = 0. 5



[3721] - 403 4 00O 00O O

5. &) Let u beameasureonanagebraa, 1 the outer measure induced by p and
E any set. Prove that for € >0, thereisaset A€ awith ES A and

WA<WE+e. Alsothereisaset Be a; with ESB and p E=p'B. 6

b) Prove that the set function | is an outer measure. 5
c) Let {(A,xB,)} be a countable disjoint collection of measurable rectangles

whose union is a measurable rectangle A xB . Prove that

6. 8 Let Eand F be digoint sets. Show that
WE+uF<u,(EUF)<SWE+W F<pu (EUFR) SWE+U'F, 6
b) By assuming W.LE<WE and E€ a provethat Ww.E=uE=WE.. 5
C) LetBbea u* -measurable set with u*B<oo. Prove that 1..B=u'B. 5

7.8 Let w be atopologically regular outer measure on X. Prove that each Borel

setis u* -measurable. 6
b) Let u beafinite measure defined on a ¢ -agebram which containsal the Baire
sets of alocaly compact space X. If u isinner regular, provethat itisregular. 5

c) LetK beacompact set, O anopensetwith K € O. ProvethaaKk cUc H < O.
where U is a ¢ -compact open set and H is a compact Gs. 5

8. @ Let Fbeaclosed subset of X topological space. Then Fisalocally compact
Hausdorff space and the Baire sets of F are those sets of the form BN F,

where B isaBaire setin X. 6
b) Let @ be a nonnegative extended real valued function defined on the class
of open subsets of X and satisfying
i) HO<oo,if O iscompact i) pO,<p0,,if 0,<0,
i) 1(0; 0 0;) =0+ pO,,if O,N O, =0 iv) H(UO)) < Zuoi
|

V) [(0)=sup {uU |U < O,U iscompact }

Prove that set function * defined by W' E =inf{iO: EC O} isa
topologically regular outer measure. 6
c) Provethat every ¢ -bounded set E is contained in a g-compact open set O. 4

B/1/10/305
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1. @ Give an example of a covariant function. 4

b) Leti: S™ — B" betheinclusion map, and | : S™* — S be the identity.
Prove that there exists f : B" — S™* with foi =1, if and only if the identity
map | is homotopic to a constant map.

c) 1) Define a strong deformation retract.

i) Give an example of a strong deformation retract.

2.d Let A< X. Prove that the relation of being homotopic relative to A is an
equivalence relation. 4

b) Letf,g: X — S" becontinuous mappingssuch that f(x) + g(x) #0 Vxe X.
Prove that f is homotopic to g.

c) 1) Whenis a space said to be contractible ?
Ii) Give an example of a space that is contractible.
i) Give an example of a space that is not contractible.

E S O I S B N

3. @ Iffisany pathin X, and gisanull pathin X such that f » g exists, prove that
fx gandf are equivalent. 4

b) Give an example to two paths f and g between two points x, and X, in a
space X which are not equivalent. 6

C) Let x4, x,€ X, where X is path connected. Prove that =, (X, x,) and
(X, x,) are isomorphic. 6

4. @ If A isastrong deformation retract of X, show that the inclusion map
i:A — X induces an isomorphism i : (A, a) — m,(X, a) for any point

ae A. 4
P.T.O.
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b) Prove that a contractible space has a trivial fundamental group. 4
¢ 1) If X andY are homeomorphic, and path connected prove that
(X, xo) andm,(Y,y,) areisomorphic.
i) Isthe converse true ?

5. @ Define the higher homotopy groups m,(X, X,) - 4
b) Prove that every non-constant complex polynomia has a root in complex
numbers. 8
c) Draw atorus and calculate its fundamental group. 4
6. @ i) Define a covering map. 2
i) Give an example of a covering map. 2
b) Prove that a covering map is ¢ loca homeomorphism. 4
c) Let G beagroup acting on a space X. When is the action of G on X said to
be properly discontinuous ? Give an example. 8
7. @ Define afibration, and give an example of afibration. 4
b) Let p: X — X be afibration with unique path lifting. Suppose that f and g
are pathsin X with f(0) = g(0), and pf ~ pg, prove that f ~ g. 6
) i) Find the fundamental group of IR?\{0}. 3
i) Is IR' homeomorphic to IR? ? 3
8. @ Whenisaset of pointsin |R" said to be geometrically independent ? Give
an example. 4
b) Define the boundary J,C, of a p-chain on 6

c) Prove that the boundary of the boundary of a p-chain is zero. 6
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1. @) Solve the non-homogeneous Fredholm integral equation 8

1
u(x) =x+2A I (xt? + x2t) u(t) dt.
0

b) Find the eigenvalues of the homogeneous Fredholm equation with degenerate

Kernel
L
u(x)=A J [coszx C0s 2t + coS3X cos3t]u(t)dt : 8
0
2. @ Provethat eigenvalues of areal symmetric kernel are real. 5

b Show that eigen functions of a symmetric kernel corresponding to different
eigenvalues are orthogonal . 6

c) The multiplicity of any non-zero eigenvalue is finite, when

b b
[ ] 10 t) [dxdt <o, where k(x, t) = k(t, X). 5
a a

3. @ Prove that every continuous function g(s) defined by 9(s) = Jk(s,t) h(t) dt

where K(s, t) is symmetric kernel, can be expanded as a series of eigen
functions of k(s, t).

b) Find Neumann series solution for the integral equation
1
u(x) =f(x)+ A j xe'u(t)dt.
0

4. @ Inthelight of Fredholm alternative discuss the existence of solutions to the
non-homogeneous Fredholm equation

u(x) =f(x) +A J [cos2 X C0S2t + c0S3x €os’t ] u(t) dt . 8
0
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b) Find the resolvent kernel of the integral equation

1
u(x) =1+ xj (1—3xt) u(t) dt . 8
0

5. @ Find the curve with fixed end points such that its rotation about x-axis
gives rise to a surface of minimum surface area. 8

/
1 ”
b) Determine the extremal of the functional Ily(9)]= | [ Sy () +PY(X)} dx

-1

subject to y(-I) =y(l) =y’ (1) =y’(l) =0. Here, W, p are given constants. 8

6. @ Find the extremals of the functiona

X2
| = J' (2yz-2y? —y? - 7?)dx . 8

X1

b) Find the curve of fixed length L > 1, joining the points (0, 0) and (1, O) in
the plane that lies above the x-axis and encloses the maximum area between
itself and the x-axis. 8

Xq
7. @ Show that if y(x) is a piecewise continuous function and J' y(x)n(x)=0,

Xo
holds for arbitrary continuous fuinctionsn(x) satisfying the conditon :

X1
j n(x) =0 then y(X) is a constant. 4

Xo
b) Explain the Legendre condition. 4

¢) Find the curvejoining given points A and B which istraversed by a particle
moving under gravity from A and B in the shortest time. (Thisis known as

the Brachistochrone problem.) 8

8. @ Show that the triangle with greatest area A for agiven perimeter is equilateral. 8

b) Find geodesics on a unit sphere.

B/1/10/285
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1. @ Provethat theset A of all real valued functionsdefined on X : for f,ge A, set

f<gifandonlyif f (x) < g(x) foral x e X isalattice. 5
b) Let<p; < >beapostinwhichinf H existsfor all HS P. Show that <p; < >
isalattice. 5

c) Provethat | isaprimeideal of alatticeL if and only if thereisahomomorphism
Qof L onto C, with I = Q {0} - 6

2. @ Let L and K be lattices, let 6 and § be congrence relations of L and K

respectively. Definetherelation 6><§ onLxK by <ab>=<c,d>(6x 9><§)

if andonly if a=c(6)and b=d (5{) . Then show that Oxif is a congruence

relation onLxK and conversely, every congruencerelation of LxK isof this
form. 8

b) Provethat dual of adistributivelatticeisdistributive. 4

c) Provethat if alatticeL isfinitethenL and Id(L), theided latticeof L, are
isomorphic. 4

3. @ LetL bealatticeand Con (L) be the set of all its congruences. Then prove

that Con (L) isalattice. 6
b) State and prove Nachbin Theorem. 8
c) Show that N, =L xK impliesthat L or K has only one element. 2

P.T.O.
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4. a) Provethat alatticeis modular if and only if it does not contain a pentagon. 8

b) State and prove Hashimoto theorem. 8

5. @ LetL bealatticeof finitelength. If L issemimodular then prove that any two
maximal chainsof L are of samelength. 8

b) Let L be semimodular lattice. Provethat if pand g areatomsof L, ae L and
a<avqg<avp, thenprovethat avp=avq. 4

c) Let L bealattice of finite length. If L satisfies the condition : a, b € L with
a#b,aand b cover g A b, then 3 p coversaand b. Then provethat L is
semimodular. 4

6. @ LetL bealatticeand a, b e L. Then prove that the following conditions are
equivalent. 8

1) aM b (i.e. (a, b) isamodular pair)
i) W,:X—=>XAb, xela avb]isonto.
i) Q,:y—>yva yel[aab,a] isoneto one.

b) LetL beadistributivelattice, | beanideal and D beadual ideal of L such that
| "D =Q. Then prove that there exists a prime P such that | ¢ P and
PND=Q. 8

7. @ Provethat alatticeL isBooleanif and only if it isisomorphic to somefield of
sets. 7

b) Provethat alatticeL isconditionally complete, if every bounded non-empty
subset of L has g...b. 5

c) Illustrate with an examplethat the ideals of a Boolean lattice do not form a
Boolean lattice. 4

8. @ Define an isotone function f on a lattice L into L and prove that if L isa
complete lattice and f is an isotone function on L into L thenf (a) = afor

someac L. 8
b) If L isafinite Boolean lattice then provethat theideadl latticeld (L) of L is
Boolean. 5

c) Prove that any modular lattice can be embedded in a complete modular
lattice. 3
B/I/10/215
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ii) Figures to right indicate full marks.

1. 8 If G=(a)isacyclicgroup of order n, generated by a, then provethat for each
positive divisor k of n, the group G has exactly one subgroup of order k

n
namely[ak } 6

b) i) If agroup G containselementsaand b suchthat |a|=4,|b|=2and
adb = ba, then find | ab |.

ii) Show that U(10)FU(8).

c) If thegroup G iswith exactly eight elements of order 10, how many cyclic

subgroups of order 10 does G have ? Is G cyclic ? 5

2. @ If thepair of cycles o= (ocl, ocm) and B= (BL Bn) have no entriesin
common, then prove that a.f =po. 5
b) i) What are possible orders for the elements of Sy and Ag ? 6

i) What isthe maximum order of any elementin S, ?

c) i) Findtwo groupsH and K such that H = K but, Aut(H) =~ Aut(K).
i) FindAut(2). 5

3. @ State and prove Lagrange's theorem for finite groups. Is the converse of
Lagrange'stheorem true ? Justify. 8

b) i) If agroup G containseementsof orders 1 through 10, what isthe minimum
possible order of G ? 8

i) Show that in a group G of odd order, the equation x2 = a has a unique
solutionfor al ain G

P.T.O.
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4. @ If Gand H aretwo finite cyclic groups, then provethat G @ H iscycliciff
| G|and | H | are co-prime. 6

b) If G={e, x, X2, v, yx, yx%} isanon-abelian group with | x| =3, |y | = 2 then
prove that Xy = yx2. 5

c) If Gisanon-abelian group of order p3, pisaprime, and Z(G) = {€} then
provethat | Z(G)| = p. 5

5. @ If ¢ isagroup homomorphism from agroup Gto G with kernel ¢ asK,
G
then prove that P =¢(G). 5

b) Determineall homomorphismsfromZ;toZ,..
c) Find all abelian groups (upto an isomorphism) of order 360.

6. @ Supposethat G isafinite abelian group of order p"m where p is a prime that

does not divide m, then provethat G = HxK whereH = {Xe G |x'°n = e} and

K = {xeG|x™ =e}. Also show that | H | = p". 6
b) What isthe smallest positive integer n such that there are two nonisomorphic

groups of order n ? 5
c) Calculate the number of elements of order 2 in the group Z . 5

7. @ If Gisafinitegroupand pisaprimesuch that pKdivides | G|, then provethat
G has at least one subgroup of order p. 6

b) Use Sylow’s theorem to prove that any group of order 99 isisomorphic
t0Zgq0r 2y ® Z44.

c) Calculate al conjugacy classesfor quaternian group Qg. 5

8. @ Provethat if H isasubgroup of afinite group G and | H | isa power of a
prime p then H is contained in some Sylow p-subgroup of G. 6

b) Find al the Sylow Z-subgroups of S,.

c) Suppose that G isagroup of order 48, show that the intersection of any two
distinct Sylow 2-subgroups of G has order 8. 5
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1. @ If ¢:isahomomorphism of the group G into the group G’, then prove that
¢(1)=1
o(x")=(0(x))" VxeG,ne Z" 5
b) Prove that no two of the additive groups Z, Q, IR are isomorphic to each
other. 6
c) Show that for n > 2, the (n —1) transpositions (12) (23) ... . (n—1n)
generates S, 5
2. @ If mand nareintegers, not both zero, then prove that the subgroup <m, N >
of Z generated by them is the cyclic subgroup generated by their g.c.d. 6
b) Determinethe ordersof all elementsof S,. 5

c) If Ghastrivial centre, then show that for a = bin G, the inner automorphisms
jpandj, aredistinct. Deduce that S; has at least six distinct inner
auto-morphisms. 5

3. @ If Gisafinite group of order n such that for every divisor d of n, G has at
most one subgroup of order d, then prove that G is cyclic. 6

b) Prove that the converse of Lagrange’'s theorem holds in S, but does not
holdinA,,. 8

c) If G=S;andH = ((23)), findx € S; such that xH = Hx. 2
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4. @) Provethat agroup of order p", pisaprimeand n > 1 hasnon-trivia centre. 5
b) Find al conjugacy classes of Qg, quaternian group, and hence write its class

equation. 6
c) i) Showthat SL (n, z) AGL (n, 2). 3
i) Inany group G show that ab and ba are conjugate to each other. 2

5. @ If Hand K are subgroupsof G at least one being normal in G, then prove that
HK = KH isasubgroup of G What happensif both are normal subgroups? 6

b) Show that the Klein’s four group V4 isanormal subgroup of S,. Find %. 6
4

c) Provethat afinite abelian group of square free order is cyclic. 4
6. @ If 0:G — G’ isasurjective homomorphism with Kernal N, then prove
that & -G, 5
N

b) If T isthe multiplicative group of complex numbers of absolute value 1 then

show that %:T. 6

c) If G actson the set X, then show that forse G x € X,
stab (sx) = s(stab(x))s™. 5

7. @ If theprime power pK dividesthe order n of afinite group G then provethat G
contains a subgroup of order pK.

b) Prove or disprove any group of order 33 is cyclic.
¢) Find the number of elements of order fivein agroup of order 25.

8. @ If afinitegroup G of order n=kI, (k, I) = 1, has normal subgroupsA and B of
ordersk, [ respectively then prove that G = AB (direct). 5

G
b) If HA Gandif Hand a are both soluble, then prove that G is soluble. 6

c) Prove or disprove A group of order 200 is soluble. 5

B/1/10/620
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1. A) How many sequences of length 5 can be formed using the digits0, 1, 2, ..., 8,9
with and without repeatation ? Also find the number of sequences of length
5 that can be formed using the digits 0, 1, 2, ..., 8, 9 with the property that
exactly two of the ten digits appear (Eg. : 00550). 6

B) How many arrangements of the seven lettersin the word “SYSTEMS’ have
the E occurring somewhere before the M ? How many arrangements have E
somewhere before the M and the three * S's grouped consecutively ? 6

C) What is the probability that 2 (or more) people in arandom group of 25
people have a common birthday ? 4

2. A) Among all arrangements of “WISCONSIN” without any pair of consecutive
vowels, what fraction have W adjacenttoan | ? 6

B) How many integer solution are there to the equation x; + X, + X5 + X, = 30,
with x; >0?How many solutionswith x; > i ?How many solutionswith
Xg22,X 22, X324,X,217 6

C) Use generating functions to find the number of waysto collect $ 15 from 20
distinct peopleif each of thefirst 19 people can give adollar (or nothing) and

twentieth person can give either $ 1 or $5 or nothing. 4
3. A) Using summation method find agenerating function for a. =r (r + 2). 6
B) Prove by combinatorial argument that C(n, 1) + 6C(n, 2) + 6C(n, 3) = n° and
evauae 13+ 23+ ...+ (N—-1)3+n3="? 6
C) Find the number of r-digit quaternary sequences with an even number of 0's
and odd number of 1's. 4

P.T.O.
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4. A) State and prove Burnside's theorem. 8
B) Usegenerating functionsto the set of ssimultaneousrecurrencerelationsgiven
below
h=_1t bn—1+ Ch—1 bn = 3n_l_cn—1
,=3""1-b _,a=1=b =c. 8
5. A) State and prove thelnclusion-Exclusion formula. 6

B) Solvetherecurrencerelation
D= 17 _oF 1
whereay=0and g = 1.

C) Find the coefficient of x2 in (1 + x3 + x8)10.

6. A) How many different 3-colorings of the bands of an n hand baton are there,
if the baton is unoriented ?

B) Find the pattern inventory of black-white edge colouring of atetrahedron. 6

C) Find the number 7 bead necklaces distinct under rotations using 3 black and
4 white beads. 4

7. A) How many ways are there to send six different birthday cards denoted
Ci, G, Cg, Cy, G, C4 to three aunts and three uncles, denoted A, A,, A,
Uj, U,, U if aunt A; would not like cards C, and C, ; if A, would not like
C,orCg; if Ajlikesall cards; if U; would not like C, or C ; if U, would not
like C,; and if Uz would not like Cg ? 6

B) Find the exponential generating function for the number of ways to place r
(distinct) people into three different rooms with at |east one person in each

room. Repeat with an even number of people in each room. 6
N\ (nY n¥ (2n

C) Using combinatorial argument, prove that (O) +(1) +___+( ) :( ) 4
n n

8. A) How many ways are there to select 25 toys from seven types of toys with
between two and six of each type ? 6

B) Solvethefollowing recurrencerelationswhen a, = 1.

) ai=2a% ,+1 i) a =-na _,+nl. 10
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1. 8 Explain Lagranges method of description and hence derive equation of
continuity. 7

b) A two dimensional unsteady velocity fieldisgivenby u=x (1+3t),v =Y.
Find the equation of stream line. 4

c) Derivetherelation between potential function and stream functionin polar
co-ordinate system. 5
2. @ Show that if the motionisirrotational, then the velocity vector isthe gradient
of ascalar function of position. 6

b) A two dimensional incompressibleflow field hasthe x component of velocity
given by theexpressionu=¢e* (x siny —y cosy). Determiney component of
velocity. Isthisflow irrotational ? 5

c) Inacylindrical co-ordinate system (r, 6, z) the radial component of velocity

q(u, v) of atwo dimensional flowisu(r, 6) = gr% cos6 . Find theexpression

forvwhenv=0at 6 =0. 5

3. @ State and prove Bernoulli’stheorem for unsteady flow. 9
b) Test whether the motion specified by 4= kzx%—yzyf) (k = constant) is of the

potential kind and if so, determinethe velocity potential. 7

4. @) State and prove Kutta-Joukowski theorem. 8

b) State and prove the theorem of Blasius. 8



[3721] - 402 4 AR O AR

5. @ Definevortex pair and find the complex potential of vortex pair. 8

b) Find the equation of the stream lines due to uniform line sources of strength m
through the pointsA(— ¢, 0), B(c, 0) and auniform line sink of strength 2m
through theorigin. 8

6. @ Define Stokes stream function.
b) Discussthe flow dueto acircular cylinder of mass m moving with velocity u.

c) A two dimensiona flow towards ¢ hormal boundary isfound to be
characterised by oo normal component of velocity that varies directly with
distance from the boundary. Determine the stream function. 5

7. @ Explainshear rate, volumetric deformation and simple shear. 8

b) The velocity components of a certain flow are given asu = o (X +Y),
v =b (x2—-y?) + 6y, w = — 2dz where a, b and d are constants. Represent the
motion as the sum of rotation and deformation of fluid element. 8

8. @ Obtain the relation between stress and rate of strain components. 8

b) What isthe complex potential for two-dimensional fluid motion ? Discussthe
flow for whichw = Z2, 8

B/1/10/420
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1. @ Letthealgebral =(L; A, v) bealattice. Set a<b if and only if
ab=a. Then prove that LP=(L; <) isaposet and the poset LP is a
lattice. 6

b) Letl beanideal andlet D beadual ideal. If | "D # ¢ thenshowthat | ~D is

a convex sublattice, and every convex sublattice can be expressed in this
formin one and only way. 6

c) Findall neutral elementsof C,xC,, whereC,, i = 2, 3 are chains of
I elements. 4

2. @ Provethat!isaprimeided of alatticeL if and only if thereisahomomorphism
¢ of L onto C, with | =¢ ™40} - 6
b) Provethat if L isfinitethen L and Id(L) (ideal lattice of L) areisomorphic. 4

c) Let L bealattice and Con (L) be the set of all its congruences. Then prove
that Con (L) isalattice. 6

3. @ Provethat alatticeismodular if and only if it does not contain a pentagon. 8
b) State and prove Nachbin theorem.

4. @ LetL beadistributivelattice with 0. Show that Id (L), theideal lattice of a
lattice L, is pseudo complemented. Is the converse true ? Justify.

b) State and prove Hashimoto theorem.

P.T.O.
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5. @ LetL beafinitedistributivelattice. Then provethat themap Q:a — r(a),

where r(a)={je J(L)|j<a}, isanisomorphism between L and H(J(L)). 7
b) Let L bealattice, let Pbeaprimeideal of L, andleta b, ce L. Provethat if

av(bac)ePthen (avb)a(avc)e P. 5
c) Provethat alatticeL isdistributiveif it satisfies:

XAY)V(YAZV(ZAX)=(XVY)A(YVZ) A(zvX)forX,y,ze L. 4

6. @ Provethat every latticeisachainif and only if itsevery ideal isaprime
ideal.
b) Provethat inaBooleanlattice, anidea ismaximal if and only if itisprime.
c) Provethat any finite distributive lattice is pseudo complemented.

R Wi &N W

7. @ State and prove Stone's separation theorem for a distributive lattice.

b) Provethat inamodular lattice, an element isstandard if and only if itis
distributive.

=)

c) Show that Ng =L xK impliesthat thelattice L or K has only one element. 2

8. @ Provethat the set of all neutral elements of alattice forms a sublattice. 6
b) Provethat the complemented elements of a distributive lattice form a
sublattice. 5

c) Provethat every ideal of adistributivelatticeisastandard ideal and
conversely. 5
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1. 8 Letkbeafiedand Fc E extension fields of k. Show that

[E: K] =[E:F][F:K]. 6
b) Let o be algebraic over afield k. Show that k(o) = k[ o] . 5
c) Find the degree of K :Q(ﬁ, i) over Q. Justify your answer. 5

2. @8 Let oe E, where E is a field extension of afield F. Suppose L is a field

containing Fand let 6:E — L be anisomorphism over FfromE into L. Let
f(x)e Hx] besuch that f (o) =0. Show that o(o) isaroot of f(x). 4

b) Let k beafiled and f apolynomial in k[ X] of degree >1. Show that there
exists an extension E of k in which f has aroot. 5

c) LetK beasplitting field of thepolynomia f (X) e k[ X]. If Eisanother splitting
field of f, show that thereis an isomorphism ¢: E — K inducing identity on

k. show alsothat if k  k  k?, wherek®isan algebraic closure of k, then any

embedding of E in k#inducing the identity on k must be an
isomorphism of E onto K. 7

3. @ If K4, K, arenormal over k and are contained in somefiled L, show that
K, N K, isnormal over k. 4

b) Let E=F(a), where o isalgebraic over F, of odd degree. Show that
E = F(c.). 5
c) Let Eo Fo k beatower of fields. Show that [E : K] = [E: F][F : K] 7
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4. @ Construct afinitefiled of 9 elements. 5

b) Let E beafinite extension of afield k. Suppose there are only afinite number
of fields F such that k ¢ Fc E. Show that thereis . E suchthat E=k(a). 6

c) Which of thefollowing isa Galois extension ? Justify your answer.
1
i)Q(ZA)/Q i) Q@1)/Q 5

5. @ LetK beafieldandlet G beafinite group of automorphismsof K of order n.
Let k = KC bethefixed field. Show that K isafinite Galois extension of k, and

its Galois group is G. Show that [K : k] =n. 8
b) Let f(X)= X3 —3eQ[X]. What isthe splitting field of f(X) ?Find the Galois
group of f(X), by explicitly writing all the automorphisms. 8

6 a) LetK beaGaloisextension of afield k with cyclic Galois group having
6 elements. Determine the number of intermediate fields between k and K. 5

b) Let f(X)=X>+aX+be Q[X] beanirreducible polynomial. What isthe
discriminant of f(X) ? State when the Galois group f(X) isA; and S;. 5

c) Let E/k beafiniteextension. Let o.e E. Definethetrace Tr_ , (o). Show that

e . . .7k
if Eisafinite separable extension of k, then Tr : E — k isanonzero
functional. 6

7. @ Letkbeafield, naninteger >0, (n, p) =1, if ch. k =p > 0. Assumethat there
isaprimitive n-th root of unity ink. Let K/k beacyclic extension of degreen.

Prove that there exists o.e K such that K =k (o), and o satisfies X" —a=0

for some ac k. 8
b) Let E be a separable extension of k. Suppose E/k is a solvable extension.

Show that E is solvable by radicals. 8

8. @ If nisodd > 1, show that ¢, (X) =0, (=X), where ¢ _(X)= H(X ), where
 variesover primitive n-th roots of 1. 6

b) Find the Galois group of the following polynomials:
) X3-X+1 i) X2-2.
c) Show that the order of afinitefield isawaysapower of aprime. 5

B/1/10/420
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1. @ Let Sbe an n-surface in IR"™, S=f *(c) where f:U — IR is such that
Vfi(q)#0 foral ge S. Suppose g: U — IR isasmooth function and pe S

Is an extreme point of g on S. Prove that there exists areal number A such
that Vg (p) =AVT (p). 6

b) Findtheintegra curvethroughp=(1, 1) of thevector fidd f (x,, X,) =(X,,—X;). 8

c) Sketch the level sets f*(c), for n = 0, 1, of each function at the heights

indicated
) f(Xp Xy ey X 1) = Xpas €=-1,0,1
i) f (X, Xy, 00 X y) =X, —X5—...— X2, c=0,1 5

2. @) Let S=f"'(c) be an n-surface in IR™™, where f:U — IR is such that
VT (q)#0fordl ge S, andlet X beasmooth vector field on U whoserestriction
to Sisatangent vector fieldon S. If a: 1 — U isany integra curve of X such
that o.(t,)e S for some t, e I, then provethat a.(t)e S for all tel. 6

n+1

b) For 0#(a,a,,...a,,;) € IR~ and be IR, show that the n-plane
X, + a,X, +...+a,,,X,,; =b isan n-surface. 5

c) Find the length of the parametrized curve o.:[0, 2r] — IR® defined by
oc(t)=(«/§c032t,sin 2t,sin 2t). 5

P.T.O.
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3. @ The 1-sheeted hyperboloid H is defined as

2

X
1 2 2
—?+ X5+..+X,,=1(a>0).

What happens to the spherical image of H whena —» ~ ? Whena — 0 7 6

b) Let{e, e} beapair of orthogona unit vectorsin IR’, and a< IR. Prove that
o (t) = (cosat)e, + (sinat)e, isageodesic in the 2-sphere
X2+ x5+x5=1in IR, 4

2 2
X: X
c) Find the curvature k of the oriented plane curve —aé + —b§ =1,a=0,b20. 6

4. 8 Let Shea2-surfacein IR®>and let o.:1 — S beageodesicin Swith o #0.
Provethat avector field X tangent to Salong o, isparalel along o if and only

if both | X || and the angle between X and o are constant along o . 6

b) Compute theWeingarten map for the circular cylinder x2 + x3 =a” in

IR® (a= 0). 6
c) Define:

I) Gauss-Kronecker curvature

i) Mean curvature. 4

5. @ Let Sbean n-surfacein IR™oriented by the unit normal vector field N. Let
pe Sand ve S,. For every parametrized curve o.: | — S, with é.(t,) =v for
some t,e | provethat G (ty) N(p)=L,(v)-Vv. 6

b) Findthenormal curvature k (v) for each tangent direction v at the given point

Vi
p=(L0, .., 0) of thegiven n-surface x, + X, + ... + x__ = 1 oriented by [ve] 6

c) Let Sbeann-surfacein IR™ andlet f : S— IR*. If f is smooth then prove
that f 0 ¢: U — IR* issmooth for each local parametrization ¢:U — S. 4
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6. @ LetV beafinitedimensional vector spacewithdot productandletL:V —»V

be aself-adjoint linear transformation on V. Prove that there exists an
orthonormal basisfor VV consisting of eigenvectorsof L. 6

b) Let a>b> 0and define ¢: IRR— IR by
9(0, 9) = ((a+ bcosd) cosl, (a+ bcosp)singd, bsing).
Show that ¢ isaparametrized 2-surfacein IR’. 6
c) Foreacha b, ¢, d € IR, prove that the parametrized curve

o (t) = (cos(at + b), sin(at + b), ct +d)

isageodesicinthecylinder x? + x>=1in IR®. 4

7. @ Let ¢:U — IR be a parametrized n-surface in IR"** and let pe U. Prove
that there exists an open set U, c U about p such that ¢ (U,) isan n-surface
in IR™ . 10

b) Sketchthelevel set f ~(0) and typical values Vf (p) of the vector field for

pe f 1(0), when f (x,, x,) = x2 +x2 -1, 6
8. @ Findthe Gaussian curvature of the parametrized 2-surface

¢ (0, 0) = ((a+ bcos ) cosh, (a+ bcos)sing, bsin¢) in R 8

b) Let U be an open setin IR, let f : U — IR be a smooth function, and let
o:l — U beanintegral curveof Vf. Show that

%(f 00) (t) = |V ()]’ Vtel. 5

c) Sketch the surface of revolution obtained by rotating C about the x, axis,

where C isthe curve x, = 1. 3

B/1/10/625
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M.A./M.Sc. (Semester — I) (2008 Pattern) Examination, 2010
MATHEMATICS
MT-504: Number Theory

Time: 3Hours Max. Marks: 80

N.B. : 1) Attempt any five questions.
2) Figures to the right indicate full marks.

1. @ If gisthe greatest common divisor of b and c, then prove that there exist
integers x, and y, such that g = (b,c) = bx, + cy,. 6

b) Provethat if x and y are odd then x2 + y? is even, but not divisible by 4.
c) Show that n*+n?+1 is compositeif n >1.

2. @ Provethat if (a, m) =1, then a¢(m) = 1 (mod m).

b) What isthelast digit in the ordinary decimal representation of 3'°?
c) Show that 2,4,6,....,2 m is a complete residue system modulo m if mis odd.

3. @ Let p denote aprime. Prove that x> =—1 (mod p) has solutions if and only if

p=2or p =1 (mod 4). 8

b) Find all integersthat givetheremainders1,2,3 when divided by 3,4,5
respectively. 4
c) Find all integersx and y such that 147 x + 258 y =369. 4
4. a) Provethat for every positiveinteger n, d2m¢(d) =n 6
b) Find the highest power of 70 that divides 533! 4

c) i) Provethat u (n) u(ntl)p (n+2)pu (n+3)=0if nisapositive integer.

ii) Evaluate Zlu (i) 6
=

P.T.O
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5. @ Provethat, if p and g are distinct odd primes, then

(g)(%]z (_1){@-1%} {(q-l%}. 6

q

a
b) Findthevdueof (B)ineachoftheﬂcasaa:—], 2,—-2,3ad p=11,13/17. 6

ind the value of | ——
c) Findthevaueo ~u 4
6. @ Provethat the product of two primitive polynomialsis primitive, 6
b) Provethat amongtherational numbers, the only onesthat arealgebraicintegers
aretheintegers0,+ 1, +2, ..... (i.e.2). 5
: . : : 1+ 37
¢) Findtheminimal polynomial of the algebraic number ( +2\/_) : 5
7. a) Provethat if ¢ isany algebraic number, then thereisarational integer b such
that bo isan algebraic integer. 6
b) For any algebraic number ¢, define m asthe smallest positiverational integer
such that mo, isan algebraic integer. Provethat if b isan algebraic integer,
wherebisarational integer, then mjb. 6
c) Provethat /3-1and+/3+lareassociatesin Q(ﬁ) 4
8. @ Let mbeanegative square-freerational integer. Provethat thefield Q(\/ﬁ )
has units + 1, and these are the only units except in the casesm=-1and m =-3.
Provethat if m=—1thenunitsare + 1 and + i whereasif m=-3 then unitsare
+ /- —1+4/—
il’(1_\2/ 3) g 1—2 3) 8

b) If o and B 0 areintegersin Q(\/ﬁ) and if o |B, Provethat o |p and

N(o)IN(B).
c) Provethat 1 +iisaprimeinQ (i) 3

B/1/10/515
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M.A.M.Sc. (Semester — III) (2008 Pattern) Examination, 2010
MATHEMATICS
(Optional) MT-703: Mechanics (New)

Time: 3Hours Max. Marks: 80

N.B.: i) Attempt any five questions.
ii) Figures to the right indicate full marks.

1. @ If theforcesacting on aparticle are conservative, show that thetotal energy is
conserved. 5

b) Use D’ Alembert’s principle to determine the equation of motion of asimple
pendulum. 5

c) A patideof massmmovesinxy planewith postionvector T =i acoswt+j bsnwt,
where a, b and w are positive congants and a > b. Show that

I) Particlemovesinellipse

i) Theforce acting on the particleis aways directed towards the origin.

i) Theforcefieldisconservative. 6
2. @ Classify constraintswith suitable examples. 5
b) Derive Lagrange'sequation of motion from Hamiltor' sprinciple. 5

c) A particleof massm movesin aplane under the action of aconservativeforce
f with components.

F =K (2x+Yy), F,=K(x + 2y),

where k isaconstant. Find the total energy of the motion, the Lagrangian and
the equation of motion of the particle. 6

P.T.O
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3. @ FindtheEuler-Lagrangedifferential equation satisfied by twicedifferentiable
function y(x) which extremizesthe functiona

X

2
1y () = JT YY) g
1

wherey is prescribed at the end points.

b) If L is a Lagrangian for a system of n degree of freedom satisfying the
L agrangian equations, then show that

df (gt
Li=L + (@9 j=12, ..n,
dt

also satisfiesthe Lagrangian equation, wheref isany arbitrary, but differential

function of its arguments.
c) Show that the curveisacatenary for which the area of surface of revolutionis

minimum when revolved about y -axis.

4. @ Reduce the two body problem to one body problem in central force motion
of two bodies about their centre of mass.

b) Derivethevira theorem, if theforces are derivable from apotential and

— n+1-—
show that T = TV.

c) Find the shape of the plane curve of fixed length/ whose end pointslie on the
x-axis and area enclosed by it and the x-axis is maximum.
5. @ Define orthonormal transformation. Show that finite rotation of arigid body

about a fixed point of the body is not commutative.

b) Define Eulerian angles. Find the matrix of transformation from a space set of
axes to body set of axesinterms of Eulerian angles.

c) Obtainthe Euler’s equationsfor motion of arigid body when one point of the
body remains fixed.
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6. @ Derive Hamilton'sprinciplefor non-conservative system from D’ Alembert’s
principle and hence deduce from it the Hamilton's principle for conesrvative
system. 6

9]

b) Deduce Newton's second law of motion from Hamilton's principle.

c) A particle of mass mismoving on the surface of the sphare of radiusr in the
gravitational field. Use Hamilton's principleto show the equation of motionis
given by

p 0 Ccoso

+gsin6:0,

G0
m?rsin®e r

where pg isthe constant of angular momentum. 5

7. @ Define Posson’'s bracket and show that it isinvariant under canonical
transformation. 6

b) If A isthe matrix of arotation through 180° about any axis. Show that if
1
P, = 5 (1+ A),P? then =P, . Obtain the elements of P inany system. 6

c) Derivewith usual notation 4

o[ ]
dt dt’ "dt

8. @ Defineand explainthefollowing terms:
1) Degree of freedom
i) Generalized momentum
i) Virtual work 6

b) Findthekinetic energy of rotation of arigid body with respect to the principal
axesintermsof Eulerian angles. 5
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c) For aparticlethekinetic energy and potential energy isgiven by

Find the Hamiltonian H and determine

1) Whether H=T +V

2) Wheth d—H—o 5
) Dot T
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M.A/M.Sc. (Semester — III) (2004 Pattern) Examination, 2010
MATHEMATICS
MT-703: Functional Analysis (Old)

Time: 3Hours Max. Marks: 80

Instructions : i) Attempt any five questions.
ii) Figures to the right indicate full marks.

1.a) i) Definenormed linear space.
i) In normed linear space show that

A) lIXI=Diylll< Tx=yll;
B) addition and scalar multiplication are jointly continuouson N. 8

b) Give one example of Banach space with explanation. Is IR', a Banach space
with the norm defined by

n
e (_mxf )
i=1

Justify your steps. 8

N =

?

2. @) Let M beaclosed linear subspace of anormed linear space N, and let x, be
avector not in M, then prove that there exists a functional f,in N* such
that f,(M) = 0 and f, (x,) 0. 6

b) Let N and N” be normed linear spacesand T alinear transformation of N into
N’ . Provethat the following conditionson T are all equivalent to one another :

I) T iscontinuous;
i) Tis continuous at the origin;
i) T is bounded on N;
Iv) If Sisthe closed unit spherein N, then itsimage T(S) is a bounded set
in N”. 8
c) True/ False ? Justify your answer. 2
If N iscomplete, then N isreflexive.
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3. @ State and prove the uniform boundedness theorem. 6

b) If N isanormed linear space, then provethat N is naturally imbedded into

N **, 8
c) If N isaBanach space, then provethat S= {x| ||| = 1} iscomplete. 2
4. &) DefineHilbert space and give one example of Hilbert space with explanation. 6
b) State and provethe parallelogram law. 4

c) Prove that aclosed convex subset C of a Hilbert space H contains a unique
vector of smallest norm. 6

5. @ If Nisanormal operator on a Hilbert space H, then prove that ||[N?|| = |IN|>. 4

b) Let H be aHilbert space, and let { e} be an orthonormal set in H. Prove that
thefollowing conditionsare al equivalent to one another :
i) {e} iscomplete
i) x | {e} = x=0

iii) If x isan arbitrary vector inH, thenx = ¥ (x,e,)e
iv) If x isan arbitrary vector in H, then ||x|? = ZI(X,ei) . 8

c) Show that the difference P = P, — P, of two projections on aHilbert H isa

projection on H if and only if P,< P,. 4
6. a8 Provethat an operator T on aHilbert space H isunitary if and only if itisan
isometric isomorphism of H onto itself. 6
b) If A isapositive operator on a Hilbert space H, then prove that I+ A is
nonsingular. 6
c) Prove that the adjoint operation T — T* on B(H) has the following
properties: 4
) T** =T

T 1= {711
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7. @ With usual notations prove that (1;')* = [” 6

oo

b) Consider the operator T defined on [, by

T (X3 X, Xg X, o)) = (0, Xy X, Xgy X, 0l)

IST unitary ? Why ? 4

c) Lety beafixed vector in aHilbert space H, and consider the function fy
defined on H by fy(x) = (X, y). Prove that fy Isalinear transformation, and

IF 1= 11yII 6
8. @ If Tisanormal operator on aHilbert space H, then prove that M’ sare
pairwise orthogonal . 4

b) If T isanormal operator on a Hilbert space H, then prove that each M,
reduces T. 4

c) Let T be an operator on H, and prove the following statements :
i) Tissingularifandonlyif 0e o{T};
ii) If Aisnon singular, then ¢ (ATA™?) = ¢ (T). 8

B/1/10/290



