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� ��� ���� ����$���� ��������	��� � ���$�7��5%� � �������������������% 
������%����������$�	#�5B �B �= �;=� �5, �= �= �B����$�5, �= �= �;=�� ���

!� 6���������������������������$�����F������G �������������5���&�'��∈�F�+
���&�B0��������	��$�������F���$�65���&�'���+���∈�F0��������	��$�������G�

���

��� �� 6�� �� ��� 
�� ������ �� ����� 
 � ������ �������∈�75��� ��� �������	��� ���� ���
!�������������������������������#��������������������B� ���

	� 6�������
���������������
 ��������������∈�75��������������������������
������� ���

!� 6����∈�75��������������� ���$����ν��& αν����������ν ≠ 0 ���� ������α�∈�
 
�����������α�&�B� ���

��� �� 6��� ��∈�75�����$��������������� ����������������$������������������
�����������#������� ���

	� ������	��������!�������!��������#�����������$������.��������������
��6�
� �$��������	# �5α


�-�α

�
��-�α

�
���-�α

�
������&�α


�-�α

�
�5��-�=��-�α

�
�5��-�=��

-�α
�
�5��-�=����H����������������"�������������	�����= �=-�� �=-��� �=-���� [6]

!� 6�� λ ∈ 
� ��� �� !����!�������!� ����� ��� � �� ∈�75�� � ������ ����� ���� ��#
���#��������5���∈�
�(�) ��5λ�������!����!�������!����������5��� [4]
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��� �� 6����∈�75���������������!����!�������!����������
 �����������������������	����
�����������!�����������"�������������������� ����

	� 6��������3$����������������
���$������∈�75���������������!����!�������!
���������
 �����������������������������#����������$������
������
� ���

!� ������∈�75�����$�λ�∈ 
�	����!����!�������!����������� ���
������Cλ�&
'ν�∈��� +�ν���&�λν0��6���∈�75���!�������������� ������������Cλ� ��
������������$���� ���

Q5) �� 6���� ∈�75������� �������������#������� �5���&��5��� ��������5��� ��� �
����! �����$�!�	������#����������
(�) ��������������	���������������
�!��
	������$�������!�����������"��������������������

H5�5�����
H5�5�����

H5�5�����
��������&��

�
�I��

�
�I������I��

�
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�5��� ���

	� 1���������������������������������������������� ����������������������� 
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	� 1��������������$��������������������������������"�����������$�!��������
��������������������$�������� ���

!� 6������������������������������� ���$������$����������!������ �����������
������&�B�����������I�=��6������!������������J�?�����#� ���

�	� �� 6����∈�75��������!�������5ν� �ν��&�B���������ν ∈�� ��������������&�B� ���

	� 6����∈�75������E�������� ��������������������!����!�������!�������������������
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�
� �� 6�� λ� ��� �� !����!�������!� ����� ��� ���� ������� ��������������� G� ��$� ��

νG�&λν �����������������νGD�&� � [6]

	� 6�������E�����������$�ν���&�B�����2�I�= ������������ν��&�B� ���

!� ���������� ���� ���2� ��$� ���������� ��� ���� ����� ���$����!� ����
2
221

2
1 2 xxxx ++ � ���
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� �
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��� �� ���φ
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�
������
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�����	����	�����������������������������

����������������������������������
���������������
��������������� �������
�
	����� ����	��  �
�����
�����! ���

"� #��� ����� ���� $���
��� ��������� ��� ����  ��������  ����� ����� ��������
���������������������	�������
�������→ �∞ ������	�������������
������
�����
����
���������������� ����	�������%�����
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��� �� &��	�����$���
��������������������'���� ����! ���
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�
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�	���� ����! ���
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� ������������
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Q1) a) Define : [4]
i) Level sets.

ii) Graph of function.

b) Sketch the level sets f
-1
(c), for n = 0,1 of the following function at the

height indicated. [6]
f(x

1
, x

2
,.....,x

n+1
) = x

1
2 + x

2
2 + .........x2

n+1
, c = 1, 2, 4.

c) Find the integral curve through p = (1, 1) of the vector field
X(x

1
, x

2
) = (x

2
, –x

1
). [6]

Q2) a) Let U be an open set in Rn+1 and let f : U → R be a smooth function.
Let p ∈ U be a regular point of f, and let c = f(p). Prove that the set of
all vectors tangent to f

-1
(c) at p is equal to [∇f(p)]⊥. [8]

b) Show by example that the set of vectors tangent at a point p of a level
set might be all of R

p
n+1. [4]

c) Show that the unit n-sphere x
1
2 + x

2
2 + .........x2

n+1
 = 1 is an n-surface.[4]

Q3) a) Let a, b, c, ∈ R be such that ac – b2 > 0. Show that the maximum
and minimum values of the function g(x1, x2) = x1

2 + x2
2 on the ellipse

ax1
2 + 2bx1x2 + cx2

2 = 1 are of the form 
1

1

λ
 and 

2

1

λ
, where λ1 and λ2 are

the eigenvalues of the matrix ⎟⎟⎠

⎞
⎜⎜⎝

⎛
cb

ba
. [6]

������



b) Let S ⊂ Rn+1 be a connected n-surface in Rn+1. Prove that there exist
on S exactly two smooth unit normal vector fields N

1
 and N

2
 and

N
2
(p) = –N

1
(p) for all p ∈ S. [6]

c) Find two different orientations on the n-sphere x
1
2 + x

2
2 + ........+ x2

n+1
 = r2

of radius r > 0. [4]

Q4) a) Define Gauss map and spherical image and find the spherical image of
the sphere x

1
2 + x

2
2 + x

3
2 = r2 (r > 0). [8]

b) Show that if α : I → Rn+1 is a parameterized curve with constant speed
then )()( tt αα ��� ⊥  for all t ∈ I. [4]

c) Let S denote the cylinder x
1
2 + x

2
2  = r2 of radius r > 0 in R3. Show that

α is a geodesic of S, where α is given by

α(t) = (rcos(at + b), rsin(at + b), ct + d) for some a, b, c, d ∈ R. [4]

Q5) a) Define Levi-Civita parallelism and if X is parallel along α, then prove
that X has constant length. [4]

b) Let S be an n-surface in Rn+1, let p, q ∈ S, and let α be a piecewise
smooth parameterized curve from p to q. Prove that parallel transport
pα : Sp → Sq along α is a vector space isomorphism which preservs dot
product. [6]

c) Let S be an n-surface in Rn+1 oriented by the unit normal vector field N.
Let p ∈ S and V ∈ S

p
. Prove that for every parameterized curve

α : I → S, with α� (t0) = V for some t0 ∈ I,

α�� (t
0
).N(p) = L

p
(V).V,

where L
p
 is a Weingartan map. [6]

Q6) a) Prove that local parameterizations of plane curves are unique up to
reparameterization. [8]

b) Let α(t) = (x(t), y(t)) (t ∈ I) be a local parameterization of the oriented

plane curve C. Show that 
2

3

)( 22 yx

xyyx
K

′+′
′′′−′′′

= . [4]

c) Define a differential 1-form and give one example. [4]
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Q7) a) Define a parameterized n-surface and give one example. [4]

b) Prove that on each compact oriented n-surface S in Rn+1 there exists a
point p such that the second fundamental form at p is definite. [8]

c) Find the Gaussian curvature K : S → R where S is the surface given by

1
2

2

3

2

2

2

2

2

1 =++
c

x

b

x

a

x
(a, b and c all ≠ 0). [4]

Q8) a) Let S be an n-surface in Rn+1 and let p ∈ S. Prove that there exists an
open set V about p in Rn+1 and a parameterized n-surface φ :U → Rn+1

such that φ is a one to one map from U onto V ∩ S. [8]

b) Define a diffeomorphism and state and prove inverse function theorem
for n-surfaces. [8]
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n

a
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∞

= 0
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2
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n

n
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	�μ����������������������������������������������������������
��	�


�
	�μ0�����������

�� 
�⊆ 

�

��� �� ).E()E(B 0=⇒∈

���� �� ⇔∈ 0B � �� ���� ∪� 
	� ����� 
∈
	� ����� ⊆ �	� ����� �∈
� ���
μ�������� ���

!� "�����#���→�$�!����������%������������!&���������� �'������������������
����(������ϕ

�
�������&�����������������ϕ

���
�)�ϕ

�
���������������&��ϕ

�
���

��������������� ���

��� �� �����#���→�$���������%����������������!&�	�������� ∫
x

μdf  ���

!� ��� �� �� *� 	� 
� �� �&&� ��!����� ��� *	� ���� μ� �� �������%� ������	� ���

��#���→�$�����������+��	����&����� ∫
N

μdf  ���

�� "����
�
�#���→�$�!������(��������������%������������!&����������������

������%����������� �'���������� ≤∫
x

μdf �&�� ∫
E

μdfn  ���

��� �� "�����#���→�$�!������%��!&� �,���������%�����ε )��������������δ�)�������

��������������������!&������������������-�δ	��������� ||
E
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!� �� .����������%���������������������������� [2]

��� ����� �������%����������������	�
�������⊆ ���������� �������-��
����-�∞ 	�������������������������������������⊆ ������������)�� [4]

�� /�����������&���������%���&%�!������$������������&����� �.�������
�������������������� [6]

��� �� '���������0����������������������� ���

!� /���� ��� ����&�� ��� ����� ����� ���� 0���� ������������� ����� ���� !�
���(�� ���

�� /�����������&���������%����������������������������	������������
���������������������%��������� [4]

Q5) �� "���μ�������!�����������������������	�
� 
�� 1��������μ���������������!������&&2����%�&��3�/�����������&� ���
��� 1�����������������!���!��&���&2����������������������������μ3�/���

�������&� ���
!� '���������$�����4�*�5��2������� ���

�� �����∈�"����	�
	�μ�	������������%�����ε�)��	���������������&�����������ϕ
��������%�������������������������������	�����������66���7�ϕ66

�
�-�ε ���

��� �� "���μ8�!������������������������������ �'���������
�� 9����&����
����μ8�������!&��������������%���&%�!��	���� ���

��� ��� μ ����μ8���������������
	������ μ ���������&��������������
 ���

!� ���μ�������������
���������������$	�������������������&������������!�����
��������� :� ��� �� ��������� ���������%� !������� ��������� ������ ��
���������������������%�� ���

�	� �� ,�����:�!���;�������� ���

!� ����	���∈� L′ �$�	������������������8��������� ( ) ( )dttgtxf∫ −
R

 

�� '������������∈� L′ �$� ���

��� �����	�����������∈� L′ �$�	���������������	8�����8���		������8����	8���� ���

�� ��&��&���� χ

��	����8� χ
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��
x

1
�&�%��A�>��� ��� ����� ���

��� �� ���&�����!2�����%�";�0�����&;����&��
( )

1

2log
lim

1 −
−

→ x

x
x

 ���

!� :��������:�����������������������:�������������������������������������
���������π�7���������-���-�π ���

�� '����������:�B%��5���C���
k

1
�/� ⎟

⎠
⎞⎜

⎝
⎛
k

s
 ���

��� �� .����������.�������&�����������	�δ��� ���

!� '����� ����� ��� ���� ����������%���� ���� ��5�� ���� �!��&���&2� ����%��!&����
�7∞ 	>∞ ���������������:���������������������%��&���������������&��������&&��
������������!&2������������!&2������������!������������	�����

( ) ( ) ( ) ( ) ,GF dxxgxfdkkk ∫∫
∞

∞−

∞

∞−
=−

������:�	����φB����C�	�/�	����φB����C [12]
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��� �� D!�����=��&�����;������������������� ����

!� '���������������������"�%���������������

( ) ( ) ( ).P1P
2/2 x

dx

d
xx lm

mmm
l −= ���

Q5) �� ����!&������������%��&�����&������
����&����������E������������������5������

�������� ( ) ∫ −=
π

θθθ
π 0

)sin(cos
1

J dxnxn  ���

!� '���������

�� 0
��

�������7A���
!

!)2(

n

n
 ���

��� 0
����

������� ���

��� �� ,���������������$����%��;������&������"�%�����;���(������ ���

!� '����������"
�
�������A ���

�� ���&����� ...
3

0

dxex x−
∞

∫ ���

�	� �� ������� ).2/1(−Γ ���

!� ,����� ���� ������ ���� ������ ���� ������� �������%� ����������� ��� "��&���
�������� ���

�� :����"B
C	�!2�����%�"��&���������������������������������������� ���

�
� �� D!�����
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞⎜

⎝
⎛ +−

2
1 1

1logL
s

 [8]
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c) +�
	,	��	�	
���	��
�	�������	������	��	-�	
����	�	��	��
������	�$,��[4]
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Q1) a) If x
0
, x

1
 ∈ X, and f is a path in X from x

0
 to x

1
, and 

~
f (s) = f(1 – s),

prove that f * 
~
f  is homotopic to the constant path at x

0
. [6]

b) Let [X, [0, 1]] denote the set of homotopy classes of maps from X into
[0, 1]. Prove that this set has a single element. [4]

c) Let A ⊆ X, and r : X → A be such that r(a) = a, ∀ a ∈ A. If a0 ∈ A,
prove that r* : π1(X, x0) → π1(A, a0) is surjective. [6]

Q2) a) Define the fundamental group π
1
(X, x

0
). [4]

b) Give an example of a connected space X for which [4]
i) π1(X, x0) = {e}.

ii) π
1
(X, x

0
) = Z. Justify your answer.

c) Let p : E → B be a covering map, and p(e
0
) = b

0
. Prove that any

path f : [0, 1] → B beginning at b
0
 has a unique lifting to a path 

~
f  in

E beginning at e
0
. [6]

d) Give a covering space of S1. Justify your answer. [2]

Q3) a) Define a covering space. [2]
b) Let p : R → S' be p(t) = exp.(2πit)

and f : [0, 1] → S1 be f(t) = exp.(6πit)
Find a lift of f to R starting at 4. [4]

c) Prove that there is no retraction of B2 onto S'. [4]
d) Prove that the fundamental group of the torus is isomorphic to Z × Z.

[6]
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Q4) a) If f : [0, 1] → [0, 1] is continuous, prove that ��x
0
∈ [0, 1] such that f(x

0
) = x

0
.

[4]
b) If f : B2 → B2 is continuous, prove that � x0∈ B2

 such that f(x0) = x0.
[6]

c) i) Define the real projective plane P2. [2]
ii) Find the fundamental group of P2. [4]

Q5) a) Let f(x) = xn + ∑
−

=

1

0

n

k

k

k xa , with ∑
−

=
<

1

0

1
n

k
ka . If f has no root in the unit ball

B2, prove that f is homotopic to the map g(x) = xn. [6]
b) Find a circle around the origin containing all the roots of the equation

f(x) = x7 + x2 + 1 = 0. [6]
c) Let X = R3, B = z-axis in R3, and Y = R3/B. Prove that Y has the

punctured xy plane (R2 \ [03] × {0}) as a deformation retract. [4]

Q6) a) Let f : X → Y, f(x
0
) = y

0
.

i) When is f a homotopy equivalence? [4]
ii) If f is a homotopy equivalence, prove that f* : π1(X, x0) → π1(Y, y0)

is an isomorphism. [4]
b) If A is a deformation retract of X and B is a deformation retract of A,

prove that B is a deformation retract of X. [4]
c) Find the fundamental group of S'∪(R

+
 × {0}). [4]

Q7) a) Prove that if n ≥ 2, Sn is simply connected. [6]
b) Give examples of a curve C in the torus [6]

i) that does not separate the torus.
ii) that does separate the torus.

c) State the Jordan curve theorem. Define all the terms that you use. [4]

Q8) a) State the Jordan separation theorem. Define all terms that you use. [4]
b) i) Define the first homology group of a space X; H

1
(x). [6]

ii) Calculate H
1
(s1).

c) When are two covering spaces of a space B said to be equivalent?
Prove that this relation is an equivalence relation. [6]
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Q1) a) Explain the terms : Streamline, pathline and velocity potential. Are the
streamlines and pathlines of particles of a fluid always the same? Give
reasons. [6]

b) Derive the general equation of continuity which must hold at any points
of a fluid free from sources and sinks. [8]

c) Find the streamlines if u = –wy, v = wx, w= 0, where [u,v,w] are the
cartesian components of the particle velocity q  and w is a constant.[2]

Q2) a) Obtain the condition that the surface F(x, y, z, t) = 0 may be a boundary
surface, when the boundary is in motion. [8]

b) Show that the variable ellipsoid 1
22

2

422

2

=⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞⎜

⎝
⎛+⎟

⎠
⎞⎜

⎝
⎛+

c

z

b

y
kt

tka

x
 (k = const.)

is a possible form for the boundary surface of a liquid at any time t.[8]

Q3) a) Find the equation of motion in usual notations in the form

pF
dt

qd ∇−=
ρ
1

 and derive its cartesian equivalence. [9]

b) Test whether the motion specified by 
22

2 )(

yx

iyjxk
q

+
−=  (k = const.) is of

the potential kind and if so determine the velocity potential. [7]
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Q4) a) State and prove the theorem of Blasius. [8]
b) A source of fluid situated in space of two dimensions is of such strength

that 2πρμ represents the mass of the fluid of density ρ emitted per unit
time. Show that the force necessary to hold a circular disc at rest in the

plane of the source is 
)ar(r

a
22

22

−
μ2 ,where a is the radius of the disc and r

the distance of the source from its centre. In what direction is the disc
urged by the pressure? [8]

Q5) a) Explain a line source and a line sink in two-dimensional flows. Obtain
the complex potential of a doublet in two dimensions. [10]

b) Find the equation of the streamlines due to uniform line sources of
strength m through the points A(–c, 0), B(c, 0) and a uniform line sink
of strength 2m through the origin. [6]

Q6) a) State and prove the theorem of Kutta and Joukowski. [8]
b) When an infinite liquid contains two parallel equal and opposite vortices

at a distance 2b, prove that the streamlines relative to the vortices are

given by the equation c
b

y

byx

byx =+
⎭
⎬
⎫

⎩
⎨
⎧

++
−+

22

22

)(

)(
log  the origin being the

middle point of the join, which is taken for axis of y. [8]

Q7) a) Write a note on Stoke’s stream function and explain its physical
meaning. [8]

b) Find the stream function of two-dimensional motion due to two equal
sources and an equal sink midway between them, sketch the streamlines
and find the velocity at any point. [8]

Q8) a) Define viscosity and show that the general motion of a fluid particle
consists of a pure strain and a rotation. [10]

b) What is the complex potential for two-dimensional fluid motion?
Discuss the flow for which w = z2. [6]
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Q1) a) Suppose that for each α ∈ Q, there is assigned a set Bα ∈ B such that
Bα ⊂ Bβ if α < β. Prove that there exists a unique measurable extended
real valued function f on X such that f ≤ α on Bα and f ≥ α on X \ Bα.

[8]
b) Let f

n
, f : (X, B, μ) → R.

i) When does f
n
 converge to f in measure?

ii) If f
n
 converges to f in measure, then there is a subsequence f

nk
 that

converges to f almost every where. [8]

Q2) a) Prove the lebesgue dominated convergence theorem. [4]
b) If f is integrable with respect to μ, then given ε > 0, there is a simple

function Q such that ∫x |f – Q|dμ < ε. [6]
c) Define f ; R → R by f(x) = x if 0 ≤ x ≤ 3

= 0 otherwise.

Find a simple function Q such that ∫
R 

|f – Q|dx < 
2

1
. [6]

Q3) a) Give an example of a signed measure of R for which [1,2] is a positive
set and [3, 4] is a negative set. [4]

b) State and prove the Hahn decomposition theorem. [8]
c) If v is a signed measure on (X, B), define the measure |v|. [4]
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Q4) a) Prove the lebesgue decomposition theorem for σ-finite measures. [8]

b) If μ and v are σ-finite and v << μ, and f is a non negative measurable

function, prove that μ
μ

d
d

dv
ffdv

x x

..∫ ∫ ⎟
⎠
⎞⎜

⎝
⎛= . [4]

c) If v is a signed measure such that v⊥μ and v << μ, prove that v = 0. [4]

Q5) a) Let (X, B, μ) be a finite measure space, and g an integrable function such
that for some constant M, |�

x
 gQdμ| ≤ M||Q||

p
 for all simple functions Q.

Prove that g ∈ Lq  (X, B, μ), where 1 ≤ p < ∞, 1
11 =+
qp

. [8]

b) Give an example of a continuous linear map on

i) L∞(X, B, μ)

ii) L1(X, B, μ)

iii) L2(X, B, μ) [8]

Q6) a) What is a measure on an algebra of sets? Give an example. [4]

b) Let μ be a measure on an algebra     on X, μ* the outer measure
induced by μ, and E ⊆ X. Prove that for ε > 0, there is a set A ∈           ,

with ECA and μ*(A) ≤ μ*(E) + ε. [8]

[Here          = set of countable unions of sets of       ].

c) Define the product measure on a product of measure spaces. [4]

Q7) a) State Tonelli� theorem. [4]

b) Let f and g be integrable functions on X and Y respectively, and define
h(x,y) = f(x) g(y). Prove that f is integrable on X × Y and

∫ ∫ ∫
×

=×
yX X Y

gdvfdvhd )(.)()( μμ [6]

c) If f, g ∈ L'(R), let (f * g) (x) = ∫ −
R

dttgtxf )()(  and ∫=
R

ist dttfes )()(f̂ .

i) Prove that f̂  is a bounded complex function.

ii) Prove that (f * g)^ = ĝ.f̂ . [6]
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Q8) a) Define the Hausdorff α-dimensional measure on a metric space. [4]

b) If X is a locally compact Hausdorff space, how do you construct the
Baire sets and the Borel sets? [4]

c) State the Riesz representation theorem. [4]

d) Prove the Riesz representation theorem. [4]
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Q1) a) Under the suitable conditions prove that

∫ ∫ ∫ ∫−

−
=n ns

a

s

a

s

a

s

a n n
dsdsdssf1 3 2

)!1(

1
...)(..... 211 ∫ −−

s

a

n dttfts )()( 1
[8]

b) Convert the initial value problem y"(s) – sin sy'(s) + esy(s) = s with the
initial condition y(0) = y'(0) = –1 to an integral equation of the form

y(s) = f(s) + ∫
s

dttytsk
0

)(),( . Verify your answer. [8]

Q2) a) Find the Green’s function for the boundary value problem y" + μ2y = 0;
y(0) = y(1) = 0, μ ≠ 0. [8]

b) Solve the Fredholm integral equation of second kind

g(s) = s + λ ∫ +
1

0

22 )( tsst  g(t)dt. [8]

Q3) a) Show that the eigen function of symmetric kernel, corresponding to
different eigen values are orthogonal. [8]

b) Find the resolvent kernel of the voltera integral equation with the
kernel k(x, t) = 1. [8]

Q4) a) Solve φ(x) = 25 + 6x + ∫ −−
x

tx
0

)](65[ φ(t)dt. [8]

b) Find the Neumann series for the solution of the integral equation

g(x) = 1 + x + λ ∫ −
x

tx
0

)( g(t)dt. [8]
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Q5) a) Define : [6]
i) Functional
ii) Basic lemma of calculus of variation.
iii) Hamilton’s principle.

b) State and prove the Euler-Lagrange’s Equation. [10]

Q6) a) Determine the curve y = y(x) for which the functional I = dxyy∫ −′2

0

22
)(

π

;

y(0) = 0; y(π/2) = 1 is in extremal. [8]
b) Use the variational method to show that the shortest distance between

two points in an Euclidean space E
3
 is a straight line. [8]

Q7) a) Find the extremizing function of an Isoperimetric problem for getting
the extremal of the functional

I = ∫
1

0
(y'

2
 + z'

2
 – 4xz' – 4z)dx under the conditions

∫
1

0
(y'

2
 – xy' – z'2)dx = 2 and y(0) = 0 = z(0); y(1) = 1 = z(1). [10]

b) Use Hamilton’s principle to find the equations of motion of a single
particle of mass m moving under gravity. [6]

Q8) a) The faces x = 0 and x = c of a rectangular bar are kept at zero temperature
and the initially temperature at any point inside the bar is function of x
then find the temperature formula i.e. find u(x,t) if u

t
(x,t) = ku

xx
(x,t)

(0 < x < c, t > 0) subject to condition u(0,t) = 0; u(c,t) = 0, u(x, 0) = f(x),
0 < x < c. [10]

b) Solve ∫ −x txe
0

 φ(t)dt = sin x. [6]
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Q1) a) Let E be a field and F be a subfield of E. If E is a finite extension of F
then prove that E is algebraic over F. [4]

b) Give an example of an algebraic extension which is not a finite
extension. Justify! [4]

c) Let E = Q(α), where α is a root of the equation x3 + x2 + x + 2 = 0.
Express (α2 + α + 1) (α2 + α) and (α – 1)–1 in the form aα2 + bα + c
with a, b, c ∈ Q. [4]

d) Let F be a field and E = F(α). If α is algebraic over F of odd degree,
show that E = F(α2) [4]

Q2) a) Let K be a field and f be a non-constant polynomial in K[x]. Prove that
there exist an extension E of K which contains a root of f. [6]

b) Find the splitting field of the polynomial x4 – 2 over Q. Also, find the
degree of extension. [5]

c) If α is a complex root of x6 + x3 + 1 then find all the homomorphisms
σ : Q(α) → C. [5]

Q3) a) Let F be a field and K/F be a finite separable extension. Prove that
there is α ∈ K such that K = F(α). [7]

b) Let α be a real number such that �4 = 5. [5]
i) Show that Q(i�2) is normal over Q.

ii) Show that Q(��+ i�) is not normal over Q.

c) Show that 32 +  is algebraic over Q. Find its degree over Q. [4]
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Q4) a) Let p be a prime and F
p
 = Z/pZ. Suppose F

p
a denote an algebraic closure

of F
p
. Prove that for each integer n ≥ 1 there exists a finite field of order

pn denoted by F
pn uniquely determined as a subfield of F

p
a. [7]

b) Give an example of an inseparable extension. Justify your answer. [4]
c) Let p be a prime and q = pα. Let F

q
 be the finite field with q elements.

Determine the group of all automorphisms of F
q
. [5]

Q5) a) Let K be a Galois extension of k with group G. Let F be a subfield,
k ⊂ F ⊂ K, and H = G(K/F). Prove that F is normal over k if and only
if H is normal in G. [8]

b) Show that the Galois group of X3 – X + 1 ∈ Q[x] is S
3
 while the

Galois group of X3 – 3X + 1 ∈ Q [x] is cyclic of order 3. [6]
c) Is the following statement true or false? Justify! C is algebraic closure

of Q. [2]

Q6) a) Let y be a primitive nth root of unity. Show that Q(y)/Q is a Galois
extension.
Find Galois group of Q(y) over Q. [10]

b) Let E be a finite extension of k and α ∈ E. Define norm and trace of α.
Further, if k = Z/7Z and E be the splitting field of the polynomial X2 + 1
then find norm and trace of α,where α2 + 1 = 0, (α ∈ E) [6]

Q7) a) Let k be a field of characteristic p and K be a cyclic extension of k of
degree p. Prove that there exists α ∈ K such that K = k(α) and α
satisfies an equation Xp – X – a = 0 with some a ∈ k. [7]

b) Let Φn (X) denote the n-th cyclotomic polynomial.
Prove that Φ

pr (X) = Φ
pr-1 (Xpr-1), where r ≥ 1 is an integer. [5]

c) Let k be a finite extension of the rationals. Show that there is only a
finite number of roots of unity in k. [4]

Q8) a) Let F be a field of characteristic p, p ≠ 2, p ≠ 3. If f (x) ∈ F[x] is an
irreducible polynomial of degree less than or equal to 4. Let K be the
splitting field of f (x). Prove that K/F is a Galois extension. Is K solvable
by radicals? [8]

b) Let E be a finite separable extension of k. Prove that T
r
 : E → k is a

non-zero functional. Further, show that the map (x, y) |→ T
r
(xy) of

E × E → k is bilinear and identifies E with its dual space. [8]
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