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Instructions to the candidates :
1) All questions are Compulsory.
2) Figures to the right indicate full marks.

Q1) Attempt any EIGHT of the following: [8 × 2 = 16]

a) Define outer measure m* A of a set A ⊆ R.

b) Let A be a sigma Algebra of a non-empty set X. Show that A is closed
under countable intersection.

c) If m* A = 0 then show that for any set B ⊆ R, m* (A �  B) = m*B.

d) Let A ⊆R, then characteristic function of A is defined and denoted as :

χ
A
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then show that set A is measurable if and only if χ
A
 is measurable.

e) If A
1
, A

2
 are measurable sets with finite measure and if A

1
� A

2
 = φ

then show that for f a bounded measurable function.
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f) Discuss the differentiability of the function −= zzf )(  in C.
g) Determine whether the function f (z) = xy + iy is analytic every where?
h) Define residue at a pole.

i) Find radius of convergence of the complex series ∑
∞

=1

Z
n

nn .

j) Show that ∫ =
−C
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Where C is the circle 2=− az .
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Q2) a) Attempt any ONE of the following: [6]
i) Let {A

n
} be a countable collection of sets in R. prove that
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ii) Let D be a measurable subset of R and f : D →  ∞R  be a function.
Then following are equivalent.

a) f is measurable i.e. { }αα >∈= )(DU xfx  is measurable, R∈∀α .

b) R∈∀α , the set { }αα ≥∈= )(DC xfx  is measurable.

c) R∈∀α , the set { }αα <∈= )(DV xfx  is measurable.
b) Attempt any TWO of the following: [10]

i) Let { }nE  be an infinite decreasing sequence of measurable sets in

R. i.e 1EE +⊇ nn , n∀ . Let mE, be finite. prove that.
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ii) Let D be a measurable set and f, g : D→R be bounded measurable
functions. Then show that Cf and f + g are bounded measurable
functions for all C ∈ R.

iii) Let A, B ⊆  R then show that
a) χ

AnB
 = χ

A
 . χ

B

b) BABABA .χχχχχ −+=∪

c) A.RA,1 1
AA1 −=−= χχ

Q3) a) Attempt any ONE of the following: [6]
i) State and prove Fatou's lemma.
ii) State and prove bounded convergence theorem.

b) Attempt any TWO of the following: [10]
i) Let f and g be non-negative functions which are measurable on a

measurable set E such that. f≤  g almost every where on E.

then show that ∫∫ ≤
EE

gf  and hence.

show that ∫∫ ≤
EE

ff

ii) Let f and g be integrable functions and a, b ∈ R then  show that

( )∫ ∫ ∫+=+ gbfabgaf

iii) Let f be non negative measurable function on a measurable set E,

Such that f ≡  0 almost every where. Then show that 0
E

=∫ f .
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Q4) a) Attempt any ONE of the following: [6]

i) Let f (z) = u + iv be a complex valued function defined on a
domain D. Let Z

0
 = x

0
 + iy

0
 ∈ D. Let f (z) be differentiable at Z

0
.

Show that the cauchy- Riemann equations are satisfied at
Z

0
 = x

0
 + iy

0
.

ii) Show that a bounded entire function is constant.

b) Attempt any TWO of the following: [10]

i) Show that u(x,y) = 
2

1
 log (x2+y2) is harmonic. Obtain its harmonic

conjugate.

ii) Show that cross ratio is invarient under Mo�� bius transformation.

iii) Evaluate : ∫ −
+

C
2 4

6
dz

z

z
 where

a) C is the circle 1=z

b) C is the circle 12 =+z

Q5) a) Attempt any ONE of the following: [6]

i) State and prove Cauchy's Residue Theorem.

ii) Show that the composition of two M o�� bius transformations is
also a Mo�� bius transformation.

b) Attempt any TWO of the following: [10]
i) Obtain the Laurent's series expansion for

( ) ( )32

1
)(

2

++
−=

zz

z
zf   in 2 < z  < 3.

ii) Use Residue theorem to evaluate

( ) ( )∫ −−
−

C 21

21

zzz

Z
 dz, where C is the Circle 

2

3=z .

iii) Let D be a simply connected domain. Let f be analytic in D. Let
γ  be a closed contour in D. Let a ∈  D- {γ }; in usual notation,
prove that,

∫ −
=

γπ
γ
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