UNIVERSITY OF PUNE
F.Y.B.Sc. MATHEMATICS Question Bank

Practicals Based on Paper I

First Term: Alegebra

Practical No. 1

Sets and Functions

1. Let A = {a,b,c,d}. How many elements are there in the
power set P(A)? Hence write down P(A). How many rela-
tions are there on the set A?

2. Let A = {1,2,3,4}. Write down all partitions of A. How
many equivalence relations are defined on the set A? Deter-
mine the equivalence classes corresponding to each equiva-
lence relation.

4o — 3

3. Let a function f : R — R be defined by f(z) = :
Show that f is a bijection. Find the formula that deiames

inverse function f~!.

4. Let the functions f : R — R and g : R — R be defined by
f(x) = 22 + 3z + 1 and g(z) = 2z — 3. Find the formulae
which define the composite functions fo f, gog, fog and
gof.Is fog=go f? Find z for which fog(x) =go f(z).



Practical No. 2
Divisibility in Integers

. Show that the integers 3927 and 377 are relatively prime.
Find the integers m and n such that 31 = m(3927) —n(377).

. Find the values of integers x and y which satisfy
74 = 74692 + 2464y.

(a® +2)

. Show that

using division algorithm).

is an integer for all integers a > 1. (by

. Find all prime numbers which divide 50!.

Practical No. 3

Congruence Relation on Z

. Show that 2° = —9(mod41) and hence prove that 41|22°—1.
. Find the remainder when 111333 + 333! is divided by 7.

. (i) Prepare addition table for Zs. Write additive inverse of
each element in Zz. (ii) Prepare multiplication table for
Zs. Write multiplicative inverse of the elements of Zg, which

exists.

. List all integers x with —10 < 2 < 90, which satisfy
x = 7(mod11).



Practical No. 4

Complex Numbers

. Express the following complex numbers in polar form:
i) z =

i) z = —.
v 2—1
. Using DeMoivre’s theorem, prove the following:
(i) cos 30 = cos® @ — 3 cosfsin® 0

1
(i) sin” § = & [35sin @ — 21 sin 30 + 7sin 56 — sin 76)]

. Describe the following regions geometrically:
i) |z —1+1i =1. (i) 0 < arg z < 7/4.

. Find all values of (—8i)'/%.

Practical No. 5

Polynomials

. Find the cubic polynomial f(x) = a + bz + cx® + dz? satis-
fying f(0) =0, f(1) =1, f(2) =0, f(3) = L.

. Solve the equation 423 — 2422 + 23z + 18 = 0. Given that
the roots are in arithmatic progression.

. (i) Solve the equation 243 — 142% — 63x + 45 = 0, one root
being the double the other.

(ii) Find the sum of the squares of the roots of the equation
2 — 2% + 3z —4=0.

. (i) Find the g.c.d. of polynomials 2* —1 and z* + 23 + 222 +
x+ 1.

(ii) Consider the equation z* —5z—6 = 0. Find two integral
solutions by trial and error method. Also find the other two
solutions by using factor theorem.
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Practical No. 6

Miscellaneous

. (i) Give an example of a real valued function f, other than
identity function such that
(a) fo f=1identity (b) fof=Ff.

(ii) Find the domain of the following functions:

(a) f(z) = L_s;—l (b) f(z) = V/sin2z.

. Define binary operation * on Z such that axb = a+b— ab.
Check whether * is associative. Find the identity element

with respect to .

. Calculate (a) (=3)(4)"tin Z7z (b) (5)~ 1+ (27) + (10 — 4)
in Z12
(C) (1_2)2 + 5(8) — 18 in Zy.

. In Zsg, find all nonzero pairs @ and b, such that @ - b = 0.

. Calculate (a) ¢(14) + ¢(18) (b) #(22) — ¢(16), where ¢
is a Euler’s phi-function.



Practicals Based on Paper II

First Term: Calculus

Practical No. 7
Real Numbers

. Find the solution set of the following inequality

20zl + |z -1 < 4,2 €R.

. Find the supremum and infimum of the following sets if

exist:

(a)S:{l—%,nEN}

(b)sz{1—(_nl)” nen
(c) S={2*+2 > 2, v €R}

. Let a, b, ¢, d be real numbers satisfying 0 < a < b and
c < d < 0. Give an example where ac < bd and one where
bd < ac.

. Let K = {s+t/2, s,t € Q}. Show that K satisfies the

following;:

(a) z,y € K thenx +y € K and 2y € K.
1

(b) If z # 0 and x € K then — € K.
x



Practical No. 8

Sequences

2n
n—+1

}

. By using the definition show that the sequence {
converges to 2. Also find Ny if e = 0.1 ,0.01.

. A sequence {a,} is defined by a; = 1, a,+1 = /3a,. Prove
that {a,} is monotonic increasing and bounded. Also find
it’s limit.

. Using subsequences show that the sequence {cosnm} is not
convergent.

. Check whether the following sequences are Cauchy or not.

_ 1 1 1
(a)an— +E+§+"°+H.
1 1 1
D) ay = 1424+ -
()CL +2+3+ —|—n

Hence test their convergence.

Practical No. 9

Series

n(n + 3)

o0
. Discuss the convergence of Z W
n

n=1
o0

. Discuss the convergence of g

n=1

n-+>5

nin+1)vn+2

o0
. 2
. Discuss the convergence of g e ",

n=1

Di th : 1 L 1.2 n 1.2.3 N 1.2.3.4 n
. Discuss the convergence o st3st3s-T35709




Practical No. 10

Sequences and Series

.Ifa, = vn+1—+/n, n €N then show that {a,} is con-
vergent. Also find it’s limit.

. Find the limits of the following sequences :

1

1 - n+1.
(@) (1+)
(b) (14 —)
n
(© (1+——)"
C )
n+1
12 22 22 32 32 42
. Discuss the convergence of —— + —— + —— +
1! 21 3!
By using partial fractions show that Z !
FVIHER (a+n)(a+n+1)
if a > 0.
Practical No. 11
Limits
6 1’+4
. Evaluate lim (x+ >
a—oo \x +1

x
. Using definition of a limit, prove that lim =
z—1 1+

N | —

2

. Prove that lim = 0.

=0 3 + ||

1 1
. Show that lim sin — does not exist but lim x sin — exists.
x—0 €T z—0 x

1
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Practical No. 12

Miscellaneous

. Show that there exists atleast one irrational number be-
tween any two distinct real numbers.

. Consider the series 1 —1+2—-2+4+3—-3+---. Let §,, be
the sequence of partial sums. Find Sy, and Ss,,1. Hence
show that the series is divergent.

sin2r + asinx
CIf lin% +3 exists, find the value of a and also
Tr— €T

evaluate the limit.

, et —e * 4 1
. Evaluate lim —— + xtan " — |.
T—00 et +e % x

1 1 1
Leta, — e 1 Showthat
R s PR s A e TR

{a,} is monotone and bounded. Also show that it converges
to 0.




Practicals Based on Paper I

Second Term: Analytical Geometry

Practical No. 13

Analytical Geometry of Two Dimensions

1. Under the translation of coordinate axes, the expression
22 —3y?+4y+5 is transformed into 222 —3y"? +4a’ — 8y’ +3.
Find the coordinates of new origin.

2. Transform the equation 1122 +24zy+4y? —202—40y—5 = 0

when origin shifted to (2, —1) and axes are rotated through

an angle tan™'(5%).

3. Discuss the nature of the following conic and reduce it into
standard (canonical) form. Also find centre, if exists:

(a) 92% + 163> — bdx + 64y + 1 = 0.
(b) 2% — 4wy — y* + 20z — 2y + 17 = 0.

4. Discuss the nature of the following conic and find the centre,
if exists:4x? — 12zy + 9y? — 52z + 26y + 81 = 0.

Practical No. 14

Analytical Geometry of Three Dimensions

1. Find direction cosines of the straight lines which satisfy the
relations 2l 4+ 2m —n =0, mn + nl + ml = 0.

2. (a) Find the equation of the plane passing (i)through the
points (3,5,1), (2,3,0) and (0, 6,0)(ii) through the point
(2,0, —1) and perpendicular to the line whose direction
ratios are 3,4, —2.



(b) Find the equation of the plane through the line z +y —
2244 =0=3x —y+ 2z — 1 and parallel to the line
with direction ratioes 2,3, —1.

(c¢) Find the equation of the plane passsing through the
points (2,3, —4) and (1, —1, 3) and perpendicular to yz-
plane.

. Find the equation of the perpendicular from the point (2, 4,

to J£h5e hne+ 5 6
L = Y Y i 9 Find the foot of the perpendicular.

. Find the point where the line  +3y — 2 = 6,y — 2 = 4
meets the plane 2x 4+ 2y 4+ z = 0.

Practical No. 15
Sphere

. Find the equation of the sphere passing through the points
(4,-1,2), (0,—-2,3), (1,-5,—1) and (2,0, 1).

. Find the length of the chord intercepted on the line
r+3 y+4 z2-38
4 3 =5
224+ y* + 224+ 22 — 10y — 23 = 0.

by the sphere

. Find the equation of the sphere passing through the circle
22 +y? + 22 =9, 2z + 3y + 42 = 5 and the point (1,2, 3).

. Find the equations of the spheres that pass through the
points (4,1,0), (2,-3,4), (1,0,0) and touch the plane
20 + 2y — 2z = 11.

10
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Practical No. 16
System of Linear Equations(I)

1. Reduce the following matrices to the row echelon form and
hence find the rank:

2 1 7 3 2 1 7 3
a) 1 4 2 1 b) 1 4 2 1
3 5 9 2 3 5 9 2
1 0 2
0 N—2 0 )
2. Let A = 0 A—1 42| Find the value of \ for
0 0 3

which rank of A is 3.

3. Solve the following system by Guassian elimination method.
Find particular solution in each case:

(a) x1+2x0+x3+x4 = 0

3r1 +4ry = 2;

x1 — 4wy — 205 — 4y = 2.
(b) x—y+2z—w = —1;
20 +y — 22 —2w = —2;
—r+2y—4dz+w = 1;
3r—3w = —3.

4. Solve the following system by Guassian elimination method.
Find particular solution in each case:

rT—y+2z—w = —1;
20 +y — 22 — 2w = —2;
—r+2y—4dz+w = 1

3r — 3w = —3.

11



Practical 17
System of Linear Equations (II)

1. Examine the consistency of the following system of equa-
tions. If the system is consistent, find the solution.

(a)x1—2x2—l—x3—x4:1;
b) xr1 — 29 + w3 + 224 = 1;
201 — 33 + 14 = 2; (b) w1 = 22 + 5 + 24

T1+ Ty — 13+ 14 = 2;
4331—332+2£U3=—1; ! 2 & !

1+ x9 — dwrs — x4 = 3.
To +x3+ x4 = 1. ! 2 i !

2. Examine the consistency of the following system of equa-
tions. If the system is consistent, find the solution.

T — Ty = 3
To+x3 = b
2x1 4+ 3x3 = 5
201 — 4y = 3;
T+ T+ 23 = 2.

3. Find the value of the A such that the following system of
equations has a
(1) unique solution (ii) no solution (iii) an infinite number

of solutions:

A +y+z2=1;
T+ Ay +z2=1;
r+y+ Az =1

4. Find the value of X if the following system is consistent:

$1—|—3l’2+$3 = 5;
3x1 4+ 200 —4a3+ Try = N+ 4;
r1+ 29— 23+ 284 = N— 1.

12



Practical No. 18

Miscellaneous

x—1 Yy — 2 z—3 x — 2
>~ 3 g wdg =

are coplaner. Also find the equation of the

. Show that the lines
y—3 z—-4

plane containing them.

. Find the distance of point (2, —1, 1) from the plane z +y +

z = 3 measured parallel to the line whose direction ratioes
are 2,3, —4.

. Show that 2z — 2y + 2 4+ 16 = 0 is a tangent plane to the
sphere
P4y 2—4dy+22—-3=0

and find the point of the contact.

. Reduce the following matrices to the row echelon form and
hence find the rank:

_— O =N
— = = = =
— N DN

= = = NN

w

1

. Examine the consistency of the following system of equa-
tions. If the system is consistent, find the solution.

x1+x2+x3—|—x4 = 1;
201 — x9 + 13 — 214 = 2

3$1+2$2—333—$4 = 3.

13



Practicals Based on Paper II

Second Term: Calculus

Practical No. 19

Continuous Functions - 1

. (a) Give an example of two functions both discontinuous
at 0, whose sum is continuous at 0.

(b) Give an example of two functions both discontinuous

at 0, whose product is continuous at 0.

(¢) Do there exist two functions both discontinuous at 0,

whose sum as well as product is continuous at 0.

. Let f:[0,1] — R be defined by
f(z)= z, if x is rational

=1 — z, if x is irrational.
Show that f is continuous only at %

. Let f:]0,1] — R be defined by
f(x)= 0, if x is rational
= 1, if x is irrational.
Show that f is discontinuous at every point of R.

. The function f is defined on [0, 3] by
flr)=22if0<z<1

=14z, ifl<zxr<2

=0 if2<z <3
Discuss the continuity of f on [0, 3].

14



Practical No. 20

Continuous Functions - 11

. Let f:]0,] — R be defined by
f(x)=0,if x =0
= 2l i g £ 0.

T

Discuss the continuity of f on R.
. Prove that x = cosx for some z € (0,7/2).

. Prove that there exists a continuous one-one onto function
f:R— (=1,1). Find f~% Is f~! continuous?

. Find two consecutive integers n,n + 1 between which a real
root of 23 + 22 = 3 lies.

Practical No. 21

Derivatives and Mean Value Theorems

. Let the function f : R — R be defined by f(z) = |z|+|z+1].
Determine whether f is a differntiable function. If so , find
the derivative.

. Let the function f : R — R be defined by f(z) = 2?sin(=
if x # 0 and f(0) = 0. Show that f is differentiable for all
r € R. Also show that the derivative f’(x) is not bounded
on [-1,1].

. Show that for 0 < a < b,

b—a <tan 'b—tan"la < b—a
1+ b2 14+a?

. (a) Find ¢, of Lagrange’s Mean Value Theorem for f(x) =
23 — 3z on [-1,1].

15



(b) If 2 4 % ... + =54 4 a,, = 0, than show that the
equation agz" +ayz" - --+a, = 0 has a root in (0,1).

(c¢) Using f(z) = (4 — z)logx, show that zlogx = 4 — x,
for some x € (1,4).

(d) Find 6 of Cauchy’s Mean Value Theorem for f(x) =
sinz, g(x) = cosz in [0, 7).

Practical 22

Successive Differentiation

. Find n'" derivative of the following functions:

1

(8) ¥ = e
(b) y = e” cosx,

(c) y =2”logw,
(d> Yy = tan71(1z€32)

. By using Leibnitz’s theorem prove that if y%n + yiﬁ1 = 2z,
then (22 — D)ynio + 22 + Dayur + (22 — m?)y,, = 0.

Iy =sin!( ) then show that

T
V1— a2
(1 =2 yno — 2n+ 32y, 1 — (n+1)%y, = 0.

. If y = cos (mcos™! z) then show that

(1 = 2)yns2 — (20 + Dayp — (m* — 2%)y, = 0.

16



Practical 23

Taylor’s Theorem and L’Hospital’s Rule

log(1+ z)

1+
in ascending powers of x up to first four terms.

1. (a) Use Taylor’s series to expand the function

(b) Use Taylor’s series to expand the function
log(sin(xz+h)) in ascending powers of x up to first three

terms.

2. Use Maclaurin’s series to expand the following functions

(a) log(1 + sinx),
(b) sin !z,

(C) esin_ T

3. Find the value of a + b such that

. x(l4+acosx)—bsinx
lim —
z—0 x3

4. Evaluate the following limits:

(a) lin% log(tan x)™"2*,
1 1
b) li —
( >xlg(l) (2x2 xtan?x)’
1
(c) lin% (cos x) 222

17



Practical No. 24
Miscellaneous
1. Let f:R — R defined by f(z+y) = f(z)+ f(y), f(zy) =
f(x)f(y). Show that
() £(0) =
(b) f(1)=Tor f(1) =
(c) If f(1) =0 then f =0.
(d) If f(1) =1 then show that f is identity function on Q.
)

(e) If f(1) =1 then show that f(z) > 0 if x > 0. Further,
show that f is monotonically increasing function.

(f) Is f a continuous function?

(g) Can you determine f?
2. Prove that 3z = 2* for some x € (0, 1).

3. Use Mean Value Theorem to prove that, for x > 0,

r—1

<lnz < (z-1).
" nr < (xr—1)

4. If x = tan (logy) then show that
(22 + D1 + 2nz — Dy, +n(n — Dy,—1 = 0.

19 :
(sin 22 + asinz) = 1, is finite.

5. Find a, if lim
z—0 3
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